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Abstract. We provide a direct connection between Springer theory, via Green 
polynomials, the irreducible representations of the pin cover W, a certain 
double cover of the Weyl group W, and an extended Dirac operator for graded 
Heckc algebras. Our approach leads to a new and uniform construction of the 
irreducible genuine W-characters. In the process, we give a construction of the 
action by an outer automorphism of the Dynkin diagram on the cohomology 
groups of Springer theory, and we also introduce a g-elliptic pairing for W 
with respect to the reflection representation V. These constructions are of 
independent interest. The q-elliptic pairing is a generalization of the elliptic 
pairing of W introduced by Reeder, and it is also related to S. Kato's notion 
of (graded) Kostka systems for the semidirect product Ayy = <C\W] K S(V). 



1. Introduction 

1.1. Graded afSne Hecke algebras were defined by Lusztig [19] in his study of 
representations of reductive p-adic groups and Iwahori-Heckc algebras. A Dirac 
operator T> for graded affinc Heckc algebras was defined in [1], and, by analogy with 
the setting of Dirac theory for (g, if)-modules of real reductive groups, the notion 
of Dirac cohomology was introduced. The Dirac cohomology and the Dirac index 
in the Hecke algebra setting were further studied in [7, 8]. The Dirac cohomology 
spaces are representations for a certain double cover ( "pin cover" ) W of the Weyl 
group W . The irreducible representations of W had been classified case by case in 
the work of Schur, Morris, Read and others, see for example [23, 25, 34]. Recently, 
it was remarked in [6] (again case by case) that there is a close relation between the 
representation theory of W and the geometry of the nilpotent cone in semisimplc 
Lie algebras g. 

In this paper, we provide a direct link between: 

(a) the Springer W^-action on cohomology groups and an extension of it to a 
W x (J)-action, for the automorphism S given by the action of the long 
Weyl group element; 

(b) the irreducible representations of W, and 

(c) an extended Dirac index for tempered modules of graded Hecke algebras. 
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Springer fibers. The authors also thank Syu Kato for helpful discussions about Kostka systems, 
and Roman Bczrukavnikov for pointing out the reference [4] . This research was supported in part 
by the NSF grant DMS-0968065 and by the HKRGC grant 602011. 
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In particular, our approach leads to a new, uniform construction of the irreducible 
genuine py-characters, see Theorem 1.3 below. The starting point is a reinterpre- 
tation of the Lusztig-Shoji algorithm in terms of certain q-elliptic pairings for W 
with respect to the reflection representation V (see section 2.1); here q is an inde- 
terminate. This is a generalization of the elliptic pairing of W introduced in [26], 
see also [24, 8, 7]. The q-clliptic pairing is also related to Kato's notion of (graded) 
Kostka systems for the semidirect product Aw — C[W] x S(V) and the graded 
Euler-Poincare pairing. 

1.2. Let G be a complex semisimple Lie group with Lie algebra g and Weyl group 
W. Let Af be the set of nilpotent elements in g and A/" so1 be the subset consisting 
of those nilpotent elements whose connected centralizers Zc(e)° are solvable. For 
every element e £ Af, let A(e) = Za(e) / 'Zc(e) be the component group of its 
centralizer and A(e) be the set of A(e)-representations of Springer type. For 
4> £ A(e) , we consider certain g-graded representations of W, denoted X q (e, </>), see 
section 2.2, defined using the Springer action [31] on cohomology groups H*(B e )^ = 
Hom^e) H*(B e )]. By analyzing the Lusztig-Shoji algorithm [18, 29], we prove 
first: 

Theorem 1.1. Let e, e' 6 Af. 

(1) If G ■ e G ■ e! , then X q {e 1 <jf) and X q (e! , 4>') are orthogonal with respect to 

the q-elliptic pairing on W , for all <f> £ A(e) Q , <p' £ A(e') Q . 

(2) The map X q {e,(jf) — > <j) is an isometry with respect to the q-elliptic pairing 
ofW , and a certain (q,M)- elliptic pairing of A(e), where M is the q-graded 
A{e) -representation defined in (2.8.1). When e £ Af s ° l , M is the natural 
representation of A(e) on the space of complex characters of the central 
torus in Zc(e)°. 

The case q = 1 was known before from [26], where it was obtained by different 
methods. 

The main application to VF-representations is the specialization q = — 1. This 
case is related to an action on H*(B e ) of the extended group W# = W x (S), where 
(5 is the automorphism of G corresponding to Here wq is the longest Weyl 

group element. We define this action in section 4, by extending the Springer action, 
and relate it to the results in [2, 14, 29] to obtain the following theorem. 

Theorem 1.2. For every e £ Af and i ^ 0, 

tY(Sw,H 2l (B e )) = (-iysgn(w )tY(w w,H 2l (B e )). 

The main technical difficulty that one needs to bypass is that 5 does not im- 
mediately act on B e since 6(e) ^ e in general. Theorem 1.2 turns out to be also 
intrinsically related to the (^-extended trace and the index of a Dirac operator on 
tempered modules of the extended graded Hecke algebra H# = H X (S), see section 
6, in particular Theorem 6.10. The extended Dirac operator and its index are nat- 
ural complements to the case studied in [1, 7, 8], and when wo is not central, they 
provide more information. For example, when G = PGL(n), the only tempered 
H^-modulc with nonzero Dirac index is the Steinberg module St. On the other 
hand, the tempered modules with nonzero extended Dirac index are those of the 

form Ind^(St), where Mj = ]J k j=1 M*., with YT J= 

rtij = n and all m,j distinct. 
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1.3. We explain next the main results concerning V^-representations that we obtain 
via this approach. 

Let R{W) be the (complexification of the) Grothendieck group of finite dimen- 
sional VF-representations, and R(W) ge n the subspace spanned by the genuine irre- 
ducible ^-representations, i.e., those which do not factor through to W. Let V 
be the reflection representation of W. Let C(V) be the Clifford algebra of V with 
respect to a W- invariant inner product ( , ), and let S be the unique simple spin 
C(I^)-module (when dim]/ is even), respectively the sum of the two simple spin 
C(T^)-modules (when dim^ is odd). For every e G TV and every </> G A(e) , set 

T.(e,<f>)=X_ 1 (e,(f))®S, (1.3.1) 

By definition, this is a (virtual) character in R(W) gen , self dual under tensoring 
with sgn. Theorem 1.2 implies that 

tr(w,X^(e,^)) = (-l) dimB =sgn( Wo )ti'( WWo <5,^*(B e )^). (1.3.2) 

We also remark that E(e, (f>) depends only on the image of (f> in 

R- 1 (A(e))=R_ 1 (A(e))/md(, )^ e) . 

To see this, denote 

W ( _i)_cii = {w G W : detv(l + w) 0}. (1.3.3) 

As we explain in section 5, the radical of the (— l)-clliptic form ( , )^ on R(W) can 
be identified with the space of characters supported on the complement W\W^_i)_ e n- 

On the other hand, S is supported precisely on the preimage of W(-i)- e ii in W , by 
(6.5.5), thus tensoring with S kills the radical of ( , )^ on R(W). Because of 
this, it makes sense to use the notation E(e, [(f)]), where [(f)] is the image of cf> in 
R-i(A(e)). Moreover, we may extend the definition of E(e, [</>]) linearly with respect 
to R-i(A(e)) and thus talk about E(e, [%]) for an arbitrary element [x] e i?_i(A(e)) 
in the span of A(e) Q . The main results of section 7 may be summarized as follows. 
Set ay = 1, if diml/ is even, and ay =2, if diml^ is odd. 

Theorem 1.3. 

(1) Let e G TV and (f> £ A{e) Q be given. The character E(e, [(f)]) ^ if and 
only if e G TV 50 '. In this case, E(e, [<fi]) is the character of a genuine W- 
representation. 

(2) Every genuine irreducible W -character a occurs in a E(e, [(f)]), e G TV so1 . 
Moreover, the G-orbit of e is uniquely determined by a. 

(3) If e £ TV 50 ' , then for all [ X ],[x'], 

<S(e, M),£(e,[x / ]))^ = av([ X ],[x , ]>A( e) - 

We calculate the structure of the spaces R-i(A(e)), e G TV so1 , and we refine part 
(3) of Theorem 1.3 in Appendix A. We show that for every e G TV so1 , there exists 
an orthogonal basis {[xi], • ■ • , [Xk]} of R-i(A(e)) such that 

r(e, [xj]) = — E(e, [xj]), here a e is a certain power of 2, (1.3.4) 

is either an irreducible (sgn self dual) M^-character or the sum of two (sgn dual to 
each other) irreducible W^-characters, with two interesting exceptions: one family 
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of nilpotent orbits in type D n and one orbit in E7 (see Appendix A, particularly 
Remark A. 7). 

The proof of Theorem 1.3 is independent of the results of [6], and in particular, 
together with Corollary 7.4, it recovers uniformly [6, Theorem 1.0.1]. It is also 
independent of the previous known classifications, e.g., [23, 25, 34]. Our proof 
relies on Theorem 1.1 with q = — 1, and on Theorem 1.2 and its relation with the 
extended Dirac index in section 6, together with "Vogan's conjecture" [1, Theorem 
4.2]. 

1.4. We mention two applications of our results. 

By comparing Theorem 1.3 and Appendix A with [6], the characters r(e, [0]) 
can be easily identified in terms of the previous known classifications. From this 
point of view, (1.3.1) can immediately be interpreted to give a character formula 
of X_i(e, 4>) on w S W/,iy e ]}, or alternatively, using (1.3.2) and Theorem 1.2, as a 
character formula of H*(B e )^ on 5-twistcd elliptic conjugacy classes (see Lemma 
5.5 for the definition). In this way, one obtains an extension of [8, Theorem 1.1]. 
See section 7.4 for details. 

Theorem 1.3 can also be used to give a solution in terms of Kostka-type numbers 
to the problem of decomposing tensor products a ® S, a <E W. See (7.5.3) and 
Corollary 7.9. 

1.5. We conclude the introduction by giving a brief summary of the structure of 
the paper. In section 2, we recall certain elements of the Lusztig-Shoji algorithm, 
and prove Theorem 1.1. In section 3, we study the nilpotent elements with solvable 
connected centralizer, i.e., A/" so1 . In particular, following a suggestion of Lusztig, we 
prove that a nilpotent element u is in Af scl if and only if it is <5-quasidistinguishcd, 
in the sense of Definition 3.2. (This definition is the natural generalization of the 
notion of quasidistinguished from [26].) 

In section 4, we define the action of W# on the cohomology groups H*(B e ), 
extending the Springer action, and prove Theorem 1.2. In section 5, we relate the 
(— l)-clliptic pairing with a <5-twisted elliptic pairing, and consider the corresponding 
spaces of virtual elliptic characters. 

In section 6, we introduce the extended Dirac operator for the extended graded 
Hecke algebras H#, and define its index. Using Lusztig's geometric realization of 
irreducible H-modules ([20, 21]), we relate the index of tempered modules with the 
character formula in Theorem 1.2. In section 7, we prove the results about W- 
representations, in particular, Theorem 1.3. In Appendix A, we compute explicitly 
the spaces R-\(A(e)) and the associated spin representations r(e, [x])- I 11 Appendix 
B, we present a relation between g-elliptic pairings of W and the Kostka systems 
of [16]. 



2. The Lusztig-Shoji algorithm and the ^-elliptic pairing 

2.1. If F is a finite group, let R(T) denote the Grothendieck group of finite dimen- 
sional C[F]-modules. Let ( , )r be the character pairing of T. If q is an indetermi- 
nate, set R q (T) = R(T) (g> z Z[q] and extend ( , } Z[g]-linearly to R q (T). 
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Let U be a finite dimensional C-representation of T and A 2 U the i-th exterior 
power of U viewed as a T-representation. Denote 

A- q U = ^2(-q) 1 ^ U £ R q (T). (2.1.1) 

Define the g-elliptic product in R q (T) to be: 

{X, X') q v ■= (X ® A"«C/, x')r G Z[g]. (2.1.2) 

The case of interest for us will be when T is a Weyl group W acting on the 
reflection representation U = V. 

2.2. In the rest of this section, let F be a finite field and let G be a connected 
scmisimple algebraic group split over F. Let F : G — > G be the corresponding 
Frobenius map and G F = G(F) be the corresponding finite group of Lie type. 

We assume furthermore that the characteristic of F is sufficiently large. Special- 
ize q from the previous section to the order of finite field F. Let e £ J\f F be given, 
and denote O e the nilpotcnt orbit of e. We set A(e) = Z G (e)/Z G (e)° . Then F 
acts trivially on A(e) and there is a one-to-one correspondence between G F -orbits 
in O f and conjugacy classes in A(e). 

For every e £ J\f denote B e the variety of Borel subalgcbras of g containing e and 
let d e be its dimension. Springer [31] defined an action of W on the cohomology 
groups (with rational coefficients) H 3 (B e ). This action commutes with the natural 
A(e)-action. Moreover, it is known that iP(0 e ) = unless j is even ([2, 10, 29]). 
Set 

A{e) Q = &EA(e):H 2d <{B e f^Q}, (2.2.1) 

the set of A(e)-representations of Springer type. For every pair (e, (/>),(/)£ A(e) , let 
cr(e, (f) £ W denote the irreducible Springer representation afforded by H 2de (B e )' t '. 
For latter use, encode the Springer correspondence as the bijective map: 

* : G\{(e, 0) : e £ Af, <j> £ I^) } W, *((e, </>)) = a(e, 0). 

Define 

X q (e) = q d ^H 2l (B e ) (8 sgn £ R q (W), 

X q {e,4>) = Hom A(e) [0, X q (e)] £ R q (W). 
Thus tr(e, 0) occurs in degree in X q (e, <j>). 

Define R q (W) e to be the subspace of R q (W) spanned by {X q (e, <j>) 

2.3. The Lusztig-Shoji algorithm [18, 29] gives a solution to a matrix equation 

K(q)A(q)K(q) t = Sl(q), (2.3.1) 

where the matrices K (q) , A(q) , Q(q) are square matrices of size #G\{(e, (f) : e £ 
Af,(j> £ A(e) } with entries in Z[g] to be defined next. We notice from the start 
that since our normalization of X q {e, 4>) is different than the usual one, in the sense 
that cr(e, 4>) has degree in q rather than top degree, we will need to adjust in the 
definition of A(q) below. 

Fix a set {e} of representatives of G-orbits in A/" and for every such e, the set 
{4>} of representations in A(e) . 

Let K(q) denote the upper uni-triangular matrix whose (e,4>), (e',<f>') entry is 
given by the graded multiplicity of <r(e, (j)) in X q {el ', 4>'). 



(2.2.2) 
(2.2.3) 

: £ A(e) }. 
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Let 0,(q) be the symmetric matrix of fake degrees. More precisely, the (e, </>), 
(e', 4>') entry in Q(q) is the graded multiplicity of a(e, cf) ®cr(e', 4>') in X q {l). Recall 
that X q (l) can be identified with the graded representation of W on the space of 
coinvariants of W in S(V). Moreover with this interpretation of X q (l), a well-known 
identity of Chevalley is: 

X q (l) ® A~ q V = p(g)triv, where p(q) = [T(l - q m >); (2.3.2) 

i 

here rrii are the fundamental degrees of W. 

The matrix A(q) is block-diagonal, with one block of size |A(e) | for each e. To 
define it precisely, we need more notation. For every conjugacy class c of A(e), 
denote by Of (c) the corresponding G F -orbits. We fix an element e c for each 
conjugacy class c of A{e). For c = {1}, we may choose e c = e. We choose an 
element g c £ G such that g c ■ e = e c and set x c = g~ l F{g c ) <G Zc(e). Then the 
image x c of x c in A(e) is contained in c. 

For every G A(e), define the G F -class function /? : A/" F — > Q, by 



tr0(c), ifxGOf(c), 
0, if x $ 0\ 



Define a bilinear form on Q- valued functions on Af F , by 

(/,/')= £ /(*)/'(*). (2-3.4) 

Define the matrix A whose (e, </>), (e', </>') entry is 

=<5e,e'El° e F ( C )l tr ^ C ) tr ^( C )- ( 2 - 3 ' 5 ) 

C 

For every (e, (/>), define the function #5 : Af F — >■ Q, constant on G F -orbits, by 

e<Vl _ 1 [tr0(c)|c||Z G ( ee ) F |, ifxeOf(c), 

|G F P(e)| \0, ifa^Of. ( 3 ' 6) 

It is immediate that 

= <5e,e'(0, 0'>A(e) = ^e.e'^^'! (2.3.7) 

in other words, {g^} is the basis dual to {/|}. This means that the inverse matrix 
A -1 has entries 

(^,5;'O = ^7^7|G^El Z G(e c ) F |tr0( C )trf(c)| C | 2 . (2.3.8) 

We can regard A as a matrix in q, and denote it by A(q). The relation between 
A(q) and A(q) is given by Lusztig [18, (24.2.7)] and Shoji [29, section 4]. Since we 
need to account here for our normalization of the matrix K(q) in section 2.1, the 
relation is 

A(q) = q dimZG ^A(q- 1 ). (2.3.9) 
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2.4. Let M(q) be the symmetric matrix whose entries are (X q (e, 0), X q (e', (j>'))\ v - 
We relate first M(q) and A(g). 

Theorem 2.1. 

A(q)M(q)=p(q)\d. 

Proof. We compute A(g). We first calculate f2(g) _1 . Using (2.3.2), we have X q (l)<g> 
a <g> A~ q V = p(q)o~, for every irreducible VF-represcntation <r, and then: 

X q (l) (g>a(g> A~ q V = ^(a', X q {l) ® a ® A -9 F)viV 

= ^ ^ (crj ® cr*,^^!)}^^^" 9 ^)^^',^! <g> a 2 ) w a'. 



a' (Ti,(T2 

Thus 

^ (cti ® cr*, A 9 (l)) W /(cr 2 , A _9 V)w(c7',<7i ® a 2 )w = S a ,a'P(q), 



and therefore 



n(q)~^ 2 =p(q)Y,{°3,A- q V) W {o-2,o- 1 ®o- 3 } W . (2.4.1) 

(In the calculations above, a, ai, i = 1, 3, vary over W.) 

Next, we compute p(q)K (q) t Q(q)^ 1 K (q) . The (e, 0), (e', </>') entry of this matrix 
equals: 



2 K(q)l^- 1{ai) n(q)-^ 2 K(qh- 



i(<T 2 ),(e',0') 



= p(g)-fiT(9)*-i( (ri ) j ( e , ? i)n(g) . 1 1 )0 . 2 ii'(g)*-i( (T2 ) ) (e',^) 

= ^ (o-l,^g(e,^))n/(cr3, A" <? U)w(o'2,cri ® cr 3 ) H /(cr 2 ,A (Z (e',0')) H / 

= J2\ J2( a i> X <i( e ' ( t>))w((73,A~ q V)w{o-2,<7i®o-3)w \ (as, X q (e' , <t>')) 
= ^<a 2 ,X 9 (e,^) ® A- q V} w (a 2 ,X q (e',<t>')) w 

= (X q (e,0)®A- q V,X q (e'^')) w = (X q (e,ct>),X q (e',<t>')) q w . 

In other words, p(q)K(q) t Vl{q)~ 1 K{q) = M(q), and the conclusion follows from 
(2.3.1). □ 

Corollary 2.2. If e =/= e' , i.e., they are representatives of distinct G-orbits in N ', 
then 

(X q (e^),X q (e',^)) q w = 0, 

for all <f),<fi'. Therefore, the subspaces R q (W) e and R q (W) e are orthogonal with 
respect to ( , ) q v . 

Proof. This is immediate from Theorem 2.1, since A(g) is block-diagonal. □ 
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Example 2.3. Suppose G = SL(3), so W = S3 acting on a two dimensional 
reflection space V. Since all component group representations of Springer type are 
trivial, we drop them from notation. With our conventions, we have: X q (3) = (l 3 ), 
X q (21) = (21) + g(l 3 ), and X q {l 3 ) = (3) + q(21) + q 2 (21) + q 3 (l 3 ). Then we find 

M(g) = diag(l,l-g,(l-g 2 )(l-g 3 )). 

Example 2.4. Suppose G = Sp(i). We have five Green polynomials, with our 
convention: X q (A) = (0 x 11), X q ((22), triv) = (1 x 1) + q(0 x 11), X q ((22), sgn) = 
(11 x 0), X q ((2U)) = (0 x 2) + q(l x 1) + g 2 (0 x 11), and 

X q (l 4 ) = (2 x 0) + q{\ x 1) + q 2 {ll x + x 2) + g 3 (l x 1) + g 4 (0 x 11). 

Then we find 

M(q) = diag (l, (} q -A , 1 - q\ (1 - g 2 )(l - g 4 ) 

We wish to relate i? 9 (W / ) e with R q (A(e))° , i.e., the subspace of i? g (A(e)) spanned 
by A(e) . 

2.5. To compute M(g) further, in light of Theorem 2.1, we need to consider 
A(q)- 1 = g dimZ o( e )(A- 1 )(g- 1 ). Notice that 

|G F |(g- 1 ) = n( 1 -9 m< )=P(?) ! (2-5.1) 

i 

and using (2.3.8), we see that the (e, 0), (e', 0') entry in A(q)~ 1 equals 

The map g g c gg^ X gi yes an isomorphism from Z G (e) to Z G {e c )- Hence 

^c(e c ) F = {.g € Z G (e c );H9) = <7> = {.9 € Z G (e); F^gg' 1 ) = g^g' 1 } 

= {g€Z G (e);F c (g)=g} = Z G (e) F °. 

Here F c = Ad(x c ) o F is a Frobenius morphism on Zo(e). It is easy to see that the 
image of Z G (e) Fa under the map Z G (e) —> A(e) is Z^ e ^(x c ). Hence we have the 
following short exact sequence 

1 (Z G (e)) F ° Z G (e) F ° Z A(e) (x c ) 1 . (2.5.3) 

Let R e be the unipotent radical of Z G (e) and H e = Z G (e)/R e . Then H e is a 
connected reductive group and 

H F ° = (Z G (e)) F °/R F °. 

So 

\Z G (e c f\ = \Z G (e c ) F °\ = \Z A{e) (x c )\ ■ \{Z%{e)) F °\ 

= ^\(Z G (e)) F ^\ = q^^\H F ^. 
Corollary 2.5. The (e, <f>), (e', <j)') entry in the matrix M(q) is given by 

Se > e ' I 17 M E tr <M C ) tr ^'( c ) l c ICe,c(g), 

\ A (e)\ c 
withC, e , c {q) = q d ™ H °\H F °\{q- 1 ). 
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2.6. Now we follow the approach in [5, section 2.9]. 

We fix a conjugacy class c of A(e). Let T be an F c -stable maximal torus of H e 
contained in a F c -stablc Borel subgroup. Then we can define the Fraction on the 
character group X of T and on V e = Xr. We have that F c = qF c ,o on V where 
-F C) o is an automorphism of finite order. 

The group H e is a product H e = H' Z°, where H' is a semisimplc group and Z° 
is the central torus. Then T = SZ°, where S = T n H' is a maximal torus of H' 
and 5nZ° is finite. We have the decomposition V e = V\ ffi V2, where V\ = (Z )^ 
is the subspace spanned by the roots and V2 = is a complementary subspace. 
Both V\ and V2 are stable under the action of F c and F c .o- Moreover, let Vz be the 
vector space spanned by the characters of Z°. Then Vz = Vz as F c - vector space 
and 

|(Z°) Fc l = dety 2 (g - F c , ) = det Vz (q - F c , ). 

Let We be the Weyl group of H e . The We-invariants of the algebra of polyno- 
mial functions on V\ is a polynomial ring and there exists homogeneous elements 
I\ , • • ■ , /; of degree d\ , ■ • • , di such that 

C[Vi] w ° =C[h,--- 

and F c _o(Ii) = e c ,ili, where e Cj j is a root of unity. Moreover, 

\H?\ = \Z F '\ qr v IU(q di - e.,0 = q n dct Vz (q - F cfi )U t (q d - - e c>i ), 

where N is the number of positive roots. 

We may reformulate the order of H Fc in the following way. 

For any d G N, let M[d] c be the complex vector space spanned by with di = d. 
Then F C: o acts on M [d] c and 

\H F ° I - q N dct Vz (q - F cfi )Il d dct M(d)c (q d - F c , ). 

Notice that N and V2 are independent of the choice of c. Although T and 
h depends on the choice of c, the multiset {di,-- - ,di} is the set of degree of 
fundamental invariants for H e and thus for any given d, the dimension of the vector 
spaces M(d) c is independent of the choice of c. 

2.7. By (2.5.3), each coset of A{e) contains a F-stable element. Moreover, if g, g' G 
Z G (e) F with gZ G (ef = g'Z G {e)°, then the actions of Ad(g) o F and Ad(g') o F on 
Vz are the same as Z° is the central torus of H e . In other words, the map 

Z G (e) F -> End(Vz), 5 ^ Ad( 5 ) o F | Vz 

factors through a map A(e) — > End(Vz). For any a; £ A(e), we denote the cor- 
responding endomorphism on Vz by F x . Then F x = qF X fi, where F x> o has finite 
order. 

For any g,g' G Z G (e) F , (Ad(ff) o F) o (Ad(g') o F) = Ad{gg') o F 2 . Notice that 
F = Fl acts on Vz as gid. Thus the map a; 1— > F x ,o gives a group homomorphism 
from A(e) -> GL{V Z ). 

Proposition 2.6. Let d G N. TTien i/iere exists a representation M(d) of A(e) 
such that for any x G A(e), we have 

det M{d) (X -x) = det M ^ xc (X - F Xcfi ) 

as a polynomial on A. Here x c is the conjugacy class of x. 
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Proof. We follow the notations in [17]. 

We first consider the case where G is a classical group. 
If G = GL n , then A(e) = 1 and the statement is obvious. 

If G = Sp n and e = (BiJp be a nilpotcnt element in G, where J{ denotes a 
nilpotcnt Jordan block of length i. By [17, Theorem 3], 

H e — Hi oddSp ri X Tli e vonO ri 

and A(e) = (Z^)* : , where k = i even, r, > 0}. 

For any d G N, let M(d) odd = © l odd M(d) Spr > and M(d)j = M(d)° r > for i even. 
Here for any H = 5p ri or O ri , M(d) H is a complex vector space of dimension equal 
to dimM(d)i for the group H, i.e., the number of the degree of the fundamental 
invariants for H which equals d. 

Let 

M(d) = M(d) odd © ®i cvcn M(d) t . 

We define the action of A(e) on M{d) as follows. 

The action of A(e) on M(d) odd is trivial. For any i even with > 0, the i-th 
copy of Z2 in A(e) acts on acts trivially on M(d)i' unless for i' = i, d = In the 
latter case, if 4 | r,, then M(d)i is 2-dimensional and the i-th copy of Z2 in A(e) 
acts on M(d)i as permutation representation; if 4 { r^, then M(d)i is 1-dimcnsional 
and the i-th copy of Z2 in A(e) acts on M(d)i as sign representation. 

By [17, Theorem 2.12], this is the desired representation. 

The case where G = O n can be proved in the same way. 

Now we assume that G is of exceptional type and the semisimple part of H e is 
nontrivial. 

If A(e) = S 2 = {l,e}, then if = Ad(g) o F 2 for some g G (Z G (e)°) F . By 
Lang's theorem, there exists /i G Za(e)° such that g = iF 2 (i) _1 . So F 2 = 
Ad(x) o F 2 o Ad(x)" 1 . Since F 2 acts on M(d)i as q 2 id, F e 2 acts on M(d) e as id. 
In particular, F e> o is an automorphism on M(d) t with if = id. The statement 
holds in this case. 

If A(e) ^ {1} or 52, we only have the following cases (see [17, Table 5.1 & 5.2]). 

Class D 4 (ai) in E s (q). Here A(e) = S3, H e = D A , M(2), M(6) arc one- 
dimensional trivial representations of A(e) and M(4) is the irreducible 2-dimensional 
representation of A(e). 

Class D^aijAi in Eg(q). Here A(e) = 53, 7i e = A\ and M(2) is the permutation 
representation of A(e). 

Class £^7(05) in Eg(q). Here A(e) = 53, ii e = j4i and M(2) is one-dimensional 
trivial representation of A(e). 

Class £>4(ai) in £7(9). Here A(e) = 53, H e = A\ and M(2) is the permutation 
representation of A(e). □ 



2.8. We set 



M = A- q V z (8 (®d(A~ 9 M(d))). 



(2.8.1) 
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Then the action of A(e) on Vz and M(d) extends in a unique way to an action on 
M and for any x £ A(e), 

tr M (x) = tr A - qVz (x) x n d tr^_ qdM(d) (x) 

= dety z (l - qx) x n d det M(d) (l - q d x) 

= dety z (l - qx) x n d det M(d)xc (l - q d F Xc ) 

= q dimH '~ N dct Vz (q- 1 -x)x U d dct M{dhc (q' d - F Xcfi ) 

= q 6imH «\H!*°\{q- 1 ) 

We define the (g, M)-pairing in R q (A(e)) to be 

{4>, 0')Sjf) := (0 ® M, 4>') A (e) e Z[?]. (2.8.2) 

Thus we have proved: 

Theorem 2.7. TTie map Xg(e, </>) —> <fi induces a 1,[q]-isomorphic isometry with 
respect to the q-elliptic pairing in R q (W) e and the (q, M)-pairing in R q (A(e))° . 
More precisely: 

(X q (e,<f>),X q (e t <f/))* w = (<t>,<t/)*£ ) . 

3. NlLPOTENT ELEMENTS WITH SOLVABLE CONNECTED CENTRALIZER 

3.1. In this section, we discuss certain nilpotent conjugacy classes that will play 
an essential role in our study of irreducible representations of W. 

Let e € TV. A standard (Lie) triple of e is a a triple {e, h, /} C Q, such that 
[h, e] = 2e, [h, f] = — 2e, and [e, /] = h. Every such triple corresponds to a Lie 

algebra homomorphism ip : sl(2) — > g, ^ >— > e, i— > h, ^ ^ i— > f . 

By the Dynkin-Kostant classification, see for example [9, pages 35-36], the map 
{e, h, /} — > e gives a one-to-one correspondence between the set of G-conjugacy 
classes of Lie triples and G-orbits of nilpotent elements in g. We refer to the clement 
ft. as a neutral element for e and when we wish to emphasize the dependence of h 
on e, we denote it by h e . 

Definition 3.1. An element e € M is called distinguished ([5]) is the centralizer 
Z g (e) does not contain any nonzero semisimple element. 

An element e € M is called quasidistinguished if there exists a semisimple element 
t £ Zc(e) such that Za{t) is semisimple and e is a distinguished element in the Lie 
algebra of Zc{t). 

Set u = cxp(e). Then e is quasidistinguished if and only if u is quasidistinguished 
in the sense of [26], i.e., there exists a semisimple element t e G such that u G Zc(t) 
and Za(tu) does not contain any nontrivial torus. Indeed, one direction is obvious. 
For the converse, let g = ut. By Jordan decomposition, any element that commutes 
with g also commutes with t and u. Thus Zc{g) = Z Zg ^(u). Hence Zc(g) doesn't 
contain a nontrivial torus implies that Zq[€) is semisimple and u is distinguished 
in Zc(t). Hence e is distinguished in the Lie algebra of Zc{t). 

Recall that A/" 50 ' is the set of e £ Af such that Zo(e)° is a solvable group. It is clear 
that every distinguished nilpotent element e is also quasidistinguished and belongs 
to A/" so1 . It is proved in [27, Lemma 7.1(1)] that if e is quasidistinguished, then 
necessarily e £ A/" so1 . However, e £ A/" so1 does not imply that e is quasidistinguished. 
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3.2. Let 5 be the automorphism of G given by the action of — wo on the root 
datum, where wq £ W is the longest element. More precisely, 5 is the order two 
automorphism of the Dynkin diagram when G is of type A n , Z?2n+i, or E§, and <5 
is trivial for other simple groups. 

We set G# = Gx (5). Following [33, section 9], we call an element g £ G# quasi- 
semisimplc if there exists a Borel subgroup B of G and a maximal torus T C B 
such that gBg^ 1 = B and gTg^ 1 = T. In this case Zo(g) is a reductive group. 
Moreover, by [33, Theorem 7.5], if g £ G# is semisimple, then g is quasi-semisimplc. 

Definition 3.2. An element e £ ftf is called (5-quasidistinguished if there exists a 
semisimple element td £ Zg # (&) such that Z(j(t5) is semisimple and e is a distin- 
guished element in the Lie algebra of Za{t8). 

Suppose that tS is semisimple in G#. The condition that Za(t5) be semisimple 
implies that td is an isolated (torsion) element of G5 in the terminology of [22, 
section 2] or [28, section 3.8]. For basic results about the isolated elements, see [22, 
section 2], particularly [22, Lemma 2.6]. The classification of isolated semisimple 
elements is known, and we recall it next, following [28, sections 3.8, 4.1-4.5]. Let 
t C b be (5-stable Cartan and Borel subalgcbras, respectively. If $ is the root 
system of g corresponding to t, with positive roots given by b. Call two roots 
a, /3 £ $ 5-equivalent if a\ i s,(3\ i s are proportional via a positive constant. If a is a 
5-equivalence class in $, then a is a (5-orbit in $, except in type Am, when a could 
be of the form {a, 6(a), a + 5(a)}. Let 



where f a = |a|, unless a is the exception in type A2 n , when f a = 4. 

With this notation, the root-space decomposition of Q tS , t = exp(x), x £ i s is 
([28, Proposition 3.8]): 



where the sum of over the ^-equivalence classes a £ $/5 such that (7 a ,a;} 6 
{ — 1,0,1}. Each rj* 5 is one-dimensional, affording either a root f3 a or 2/3 a , the 
latter case may only occur in the exceptional a in Ai n - 

Proposition 3.3. A nilpotent element e £ Af is 5-quasidistinguished if and only if 
e £ Af sal , i.e., the centralizer Zc(e)° is solvable. 

Proof. One can prove uniformly that "e is (5-quasidistinguished" implies "e £ A/" so1 " 
analogously with the untwisted case [27, Lemma 7.1(1)], as follows. Suppose e is 6- 
quasidistinguished, and let t6 £ G5 C G# be a semisimple element as in Definition 
3.2. Let H e be the (connected) reductive part of Zq(&) and let f) e be the Lie algebra. 
Since t5 £ G# acts on H e by conjugation, one can consider Ad(td)\t, s ■ f) e — > f)e 
and let t)' 5 be the fixed points. The algebra f)* 5 is a reductive Lie algebra, since 
t5 is semisimple. However, f)* 5 does not contain nonzero semisimple element. This 
means that fj* a = 0. By [33, Corollary 10.12], rj e has zero derived subalgcbra, which 
implies H e is a torus, cquivalently Za(e)° is solvable. 
The proof of the converse direction is case by case. 

In type A, we consider GL(n) rather than SL(n) for simplicity. The nilpotent 
orbits in A/" so1 are in one two one correspondence with partitions of n into distinct 





(3.2.1) 



a 
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parts via the Jordan canonical form. Let A be such a partition and break A into 
Ao containing all the even parts and Ai containing all the odd parts. Let 2m be 



matrix. Set t m — diag( J2m, In— 2m)- Then t m S is a semisimple element. 

We consider the automorphism 5 : GL(n) — > GL(n) given by S(x) = (x T ) 



Let e\ be a distinguished nilpotent element in sp(2m) parameterized by the even 
partition Aq and e\ t a distinguished nilpotent element in o(n — 2m) parameterized 



A/" so1 labeled by A and it is (5-quasidistinguishcd by construction. 

In Sp(2n) (resp. SO(2n + 1) or SO(An)), the automorphism S is trivial, and 
one can see from the classification of nilpotent classes that the classes in jV so1 are 
parameterized by partitions of 2n (resp. 2n + 1 or An) where every part is even 
(resp. odd) and each part appears with multiplicity at most 2. It is easy to 
check that every such nilpotent class is quasidistinguished. For example, suppose 
A = (ai, ai, tt2, ci2, • • • j <2fc; <Jfci ife+i, • ■ • j at) is a partition of 2n, where Oi < ci2 < 
■ ■ ■ < a,k < a-k+i <••'<. at are even numbers. Let t m 6 Sp(2n) be a semisim- 
ple element whose centralizer is Sp(2m) x Sp(2n — 2m), where 2m = X)i=i a i- 
We choose a distinguished nilpotent element e\ in sp(2m) corresponding to the 
partition (a±,a2, ■ ■ ■ ,ae) and a distinguished nilpotent clement e2 in sp(2n — 2m) 
corresponding to the partition (ai, 02, . . . , a^). Then e\ — e\ x ei is a representa- 
tive of the nilpotent class in sp(2n) labeled by A and it is quasi-distinguished by 
construction. 

If G = SO(An + 2), 6 corresponds to the automorphism of order 2 of the Dynkin 
diagram. Suppose the roots of the corresponding root system of type Z?2n+i arc 
labeled {«i,a2, . . . ,«2n+i} and that S acts by interchanging «2n and «2n+i and 
fixes the other roots. The orbits in J\f scl are parameterized by partitions of An + 2 
into odd parts, each part of multiplicity at most 2. By [17, Lemma 2.9(iv)] and 
[12, Table 4.3.1], there exist n + 1 classes of involutions in G5 with representatives 
U-%5 having centralizcrs of type x B2 n +i-i, where 1 ^ i ^ n + 1. Here to = 1, 
and ti, 1 ^ i ^ n, is the order two element in the standard torus in SO(An + 2) 
corresponding to the root on, see for example [12, (4.4.4)] for the precise definition. 
In particular, commutes with <5, so ti_\b is semisimple, 1 ^ i ^ n + 1. The 
construction of <5-quasidistinguished orbits proceeds then exactly as in the untwisted 
Sp(2n) example above. 

When G is exceptional of type G2, -F4, £7, or Eg, the automorphism S is triv- 
ial, and one verifies the claim from the classification of nilpotent orbits and their 
centralizcrs. This is an easy direct calculation using the explicit classification of 
nilpotent classes. Wc give the results below, but skip the details, since the calcula- 
tion is very similar to the twisted Eq example which we'll explain in detail. 

If G is of type G2 or F4, the only nilpotent orbits in 7V S °' are already distin- 
guished, so there is nothing to check. 




Thus 



ZGL(n){t m S) = Sp(2m) x 0(n - 2m). 
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For groups of type E, we use the following labeling of the Dynkin diagrams (this 
is not the Bourbaki notation): 

a 4 (3.2.2) 
i 

OL\ OL2 Oiz «5 «6 OL 7 CC8- 

For types E 7 and E%, denote t{ = exp( ^ ^vj ^iO S T, where uj^ is the funda- 
mental coweight corresponding to the i-th simple root, and 7 is the highest positive 
root. 

If G is of type E 7 , the non-distinguished nilpotent orbits in AT scl are denoted 
in the Bala-Carter classification [5] by Eq(cli) and A4 + A\. They come from the 
regular nilpotent orbits in Zg{Pa) = A 7 and Zc{t 3 ) = A3 x A3 x Ai, respectively. 

If G is of type E s , the non-distinguished nilpotent orbits in J\f scl are D 5 + A 2 , 
D 7 (ai), 1)7(02), and E 6 (ai) + A x . They come from £7(04) in Z G (t s ) = E 7 x A\, 
E 7 (a 3 ) in Za{ts) = E 7 x A x , the regular nilpotent orbit in Zq^q) = D 5 x ^4 3 , and 
the regular nilpotent orbit in Zc(t 2 ) = A 7 x Ax, respectively. 

It remains to analyze the case G = Eq and S coming from the automorphism of 
order 2 of the Dynkin diagram. There are seven nilpotent orbits in 7V so1 labeled: 
Eq, E 6 (ai), E 6 (a 3 ), D 5 , D 5 (ax), A4 + Ax, and D 4 (ai). 

Suppose that tS is semisimple. We use (3.2.1) to realize 5-quasidistinguished 
nilpotent orbits. The explicit cases in Eq are in [28, section 4.5]. For each i£t s 
such that t = exp(x) that appears (there are five cases), we compute the simple 
roots of the Lie algebra Q tS as in (3.2.1). Then for each distinguished nilpotent 
element in Q tS we match its Dynkin- Kostant diagram (in g tS ) with a diagram in g. 
This is done as follows: the Dynkin-Kostant diagram of e G Q tS gives the values 
of the simple roots /3 for g tS on the neutral element h e G I s , and thus we can 
determine h e . Next, one makes h e dominant with respect to the simple roots in 
q and computes the Dynkin-Kostant diagram in q. The explicit results are below. 
We denote by G t the fundamental coweight corresponding to ai. 

(0) xq — 0, g*° = F4, with simple roots: 

a 4 a 3 > \{a 2 + a 5 ) \{ax + a 6 ). 

The fixed point group F4 has four distinguished nilpotent orbits: F4, ^4(01), 
-£4(02), and £4(03) which correspond in Eq to: Eq, D$, .Eg (03), and 1)4(01), 
respectively. 

(1) xx = + Uq), g tlS = B 3 x Ax, with simple roots: 

Q!4 a>3 > ^{a 2 +a 5 ) /3, 

where (3 = ^[(a 1 +a 2 +2a 3 +a4 + 2a 5 + aQ) + (a 1 +2a2 + 2a 3 +a4 + a 5 +aQ)}. 
There is only one distinguished nilpotent orbit in g tlS , the regular one, 
which corresponds to 1)5(01) in Eq. 

(2) x 2 = ^(^2 + ^5), 0* 2<5 = A 2 x A 2 , with simple roots: 

a-4 a 3 i(ai+a 6 ) P' , 

where /3' = |[(ai + 2a 2 + 2a 3 + a 4 + a 5 ) + (a 2 + 2a 3 + a 4 + 2a 5 + a 6 )]. 
There is only one distinguished nilpotent orbit in g* 2<5 , the regular one, 
which corresponds to 1)4(01) in Eq. 
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(3) X3 = jU)^ , g* 3 * 5 = A 3 x Ai, with simple roots: 

ft" \(a 2 + a 5 ) + a 6 ) a 4 , 

where /3" = \ [(ai + a 2 + 2«3 + 0:4 + a 5 ) + («2 + 2«3 + 0:4 + «5 + Qfe)] ■ There 
is only one distinguished nilpotent orbit in g* 3 * 5 , the regular one, which 
corresponds to A4 + A\ in Eq. 

(4) X4 = , Q tiS = C4, with simple roots: 

a 3 => i(a 2 + as) 5(0:1 + a 6 ) 

where /?"' = \ [(0:2 + 03 + a 4 ) + (a 3 + a 4 + a 5 )] . There are two distinguished 
nilpotent orbits in C4, the regular orbit (8) and the subregular orbit (62), 
which correspond in Eq to E§{a\) and Eg(a 3 ), respectively. 
This finishes the proof for Eq and therefore, the proof of the proposition. □ 

Now we analyze the action of 5 on G-orbits of Lie triples in g. 

Lemma 3.4. Let O be a nilpotent G-orbit in q. There exists a S-stable Levi subal- 
gebra m and a Lie triple {e,h,f} C m, e g O, such that e is 5-quasidistinguished 
in m. 

Proof. We prove the statement case by case. When 5 = 1, the claim is immediate 
from the Bala-Carter classification, in fact, m can be chosen so that e is distin- 
guished in m. 

Let G = GL(n). The nilpotent orbit O is given via Jordan form by a partition 
A of n. Let / = {1, 2, . . . , n — 1} be the indexing set for the simple roots. The 
automorphism 6 acts on / as S(i) — n — i. Wc construct a subset J C /, such 
that 8 (J) = J. Start by setting J = I. If A has only distinct parts, by Proposition 
3.3, O is 5-quasidistinguished in g, so m = g. Suppose A has equal parts. Write 
A = A'U{ri, ri}U- • •U{r^, r^}, where A' is the largest subset of A having only distinct 
parts. Set k = X)j=i r i- Remove from / the indices T\,n — T\,T\ + r%,n — (ri + 
f2), . . . , k, n — k, the resulting subset is J. By construction, 5( J) = J. Then m is the 
Levi subalgebra corresponding to J, thus m = X)j=i(5'( r j) © 9K r j)) © 9K n ~ 
Let {e, /ijjcibea Lie triple in m representing the regular nilpotent orbits on 
each factor gl(rj) and the nilpotent orbit parameterized by A' on gl(n — 2k). The 
latter is 5-quasidistinguished by Proposition 3.3. 

Let g = so(2n). Let / = {1, 2, . . . , n} be the indexing set of simple roots, and 
suppose that the branch point of the Dynkin diagram is at n — 2, so that S(i) = i 
for all 1 ^ i ^ n — 2 and 5(n — 1) = n. Suppose O is parameterized by a partition 
A of 2n. Then each even part in O appears with even multiplicity. Partition A as 
A = A' U {ri,ri} U • • ■ U {r^,r^}, where A' is the largest subset of A such that A' 
has only odd parts and each part occurs with multiplicity at most 2. As before, set 
k = Y^j=i r j- The subset J c I, 5(J) = J, is 

J = {l,...,ri-l}U{ri + l,...,ri+r 2 -l}u{fc-r^+l,...,A;-l}U{A; + l,...,n}, 

and the corresponding Levi subalgebra m = ® e j = igl(rj) © so(2n — 2k). Let {e, h, /} 
be a Lie triple in m such that e represents the regular nilpotent orbits on the gl(rj) 
factors and the 5-quasidistinguishcd orbit parameterized by A' on the so(2n — 2k) 
factor. 
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When g is of type E§, we list the orbits with the corresponding m and e G m 
in Table 1. The indexing set / = {1, ... ,6} corresponds to the Dynkin diagram 
(3.2.2). We do not include in the table the (5-quasidistinguishcd orbits in E$: Eq, 
E e (ai), E 6 (a 3 ), D 5 , D 5 (oi), A 4 + A l; and D A (a{). 

Table 1. E 6 : nilpotcnt orbits 



o 


m 


(5-quasidistinsguishcd e G m 


A 5 


{1,2,3,5,6} 


(6) 


Di 


{2,3,4,5} 


(7,1) 


Ai 


{1,2,3,5,6} 


(5,1) 


A3 + A1 


{1,2,3,5,6} 


(4,2) 


2A 2 + A 1 


{1,2,4,5,6} 


regular 


A 3 


{2,3,5} 


(4) 


A 2 + 2A 1 


{1,3,4,6} 


regular 


2A 2 


{1,2,5,6} 


regular 


A 2 + A 1 


{1,2,3,5,6} 


(3,2,1) 


A 2 


{2,3,4,5} 


(3,3,1,1) 


3Ai 


{2,4,5} 


regular 


2Ai 


{2,5} 


regular 


Ai 


{3} 


regular 












□ 

Proposition 3.5. Let O be a nilpotent G-orbit in q. There exists a Lie triple 
{e, h, /}, with e G O, h G t s , and an element g G G such that S((f>) = Ad(g)<p, and 
8{g)g G Z a (4>)°. 

Proof. Assume 6^1 (otherwise g = 1). First, suppose e is (5-quasidistinguished 
in g. By definition, there exists t5, t G T s , an isolated scmisimple element of GS 
such that e G Z g (tS). We may choose the Lie triple so that <fi C Z B (tS). Thus 
Ad(tS)4> — <j>, or equivalently 6(<p) — Ad(t _1 )0. So we may choose g = t^ 1 G T s , 
and then 5(g)g = t~ 2 . We claim that t~ 2 G Zg(4>)°. Indeed, by the proof of 
Proposition 3.3, t 2 = 1 unless g is of type A n or when g is of type Eq and O is 
Ds(ai) or A4 + A1. But in all of these cases, Zg(4>) is connected, so there is nothing 
to prove. 

If e is not (5-quasidistinguished in g, by Lemma 3.4, there exists a ^-stable Levi 
m such that </> C m and e is <5-quasidistinguished in m. From the proof of Lemma 
3.4, we see that whenever m has two factors of the same type which are flipped by 
5, the two factors are of type A r _i (for some r) and the nilpotent elements on these 
factors are equal to a regular nilpotent element e r _i. This means that 8 fixes the 
pair (e r _i, e r _i), and therefore by the discussion in the case m = 0, there exists 
g G Ad(m) such that 5{g)g e Z M (<f>)° = M n Z G (<f>f. □ 

4. An action of W# on H*(B e ) 

4.1. Let S be the automorphism on G and on W defined in section 3.2 and W# = 
W xi (6). In this section, we construct a natural action of W# on H*(B e ), which 
extends the action of W we discussed in section 2.2, such that the following theorem 
holds. 
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Theorem 4.1. For every e G Af and ^ i ^ d e , 

ti{8w,H 2 \B e )) = (-iysgn(w )tY(w w,H 2 \B e )). 
In particular, we have 
Corollary 4.2. For any w £ W, 

X q (e,(j>)(Sw) = (-l) dB sgn(wo)X-q(e,<t>)(w w). 

4.2. We assume that 8 ^ id. 

Wc fix a testable Borcl subalgcbra b of g. Let reg be the set of regular semisimplc 
elements in g and b reg = re g H b. Define the action of B on G x b by b ■ (g, b') = 
(gb , Ad(b)b'). Let G x B b be the quotient scheme and G x B b reg be the image of 
G x b reg in G x B b. The Springer resolution (of g) is the map 

q:Gx B b^g, (g,b)^ Ad(g)b. (4.2.1) 

Its restriction q reg to G x B b reg gives an unramified Galois covering of g reg whose 
Galois group is W . 

Wc fix a prime number I invertiblc in F. Let Qicx B b be the trivial sheaf on Gx B b 
and Qi Gx B bies be the trivial sheaf on G x B b reg . Set ^ = i?<7iQ; G>< .Ei tl [dim(G)] and 

^reg ^(?reg) 

!QiGx B b ree [dim(G)]. Since q is a small map, is the intersection 
cohomology complex IC(g, ^reg)- Thus End(\&) = End(\& re g) = Qi[W] and we have 
a natural action of W on '5. Notice that the map q is in fact G#-cquivariant. Hence 
the automorphism 5 on G induces an action <5* : VP — > We have that (i5*) 2 = 1 
and {5)*w = S(w)S* 

4.3. Let e £ Af. If g E G such that 5(e) = Ad(g)(e). Then (%)c, € Z G (e). Wc 
choose g E G such that <5(e) = Ad(<?)(e) and the image of 6(g)g in A(e) lies in 
the kernel of <fi for all <fi E ^4(e) . By Proposition 3.5, such g always exists. Thus 
Ad(g)* o 8* : * e -> vj/ e satisfies 

(Ad(fl)* o 8*f = (Ad(5(g)g)r = id. (4.3.1) 
For any w E W , we have the following commuting diagram 



Ad( S ) 



Ad( 9 )e 



(4.3.2) 



5(t 



(5* 



Ad( s )* 



Ad( 9 )e 



From (4.3.1) and (4.3.2), we see that the map 

w w, 8 i-> Ad(.g)* o 5* (4.3.3) 

gives an action of W# on \f e and hence on the cohomology of \& e . By construction, 
this action commutes with the action of A(e) on In particular, for any i 
and </> E -A(e) , we may regard H 2l {B e )^ as a W^-module and thus X q (e,cj>) as a 
virtual character of W# . 

Notice that the W#-modulc structure depends on the choice of g. If we pick a 
different element g' G G such that 8(e) = Ad(g')(e) and S(g')g' E Za(e)°, then 
g~ 1 g' € Zc{e) and thus the actions of (5 on H 2l (B e )' t ' (defined using g and </) differ 

by <K<rV)- 
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4.4. Now we discuss the choice of g which makes the action of 6 on H*(B e ) nice. 
We construct such an element g = gi without using Proposition 3.5. A similar 
action of A(e) x (5) on H*(B e ) is studied by Bczrukavnikov and Mirkovic in [4]. 

As before we assume p and q are large. We assume furthermore that p = 1 
mod 3 if G is of type F§. Let F : G — >• G be the split Frobcnius map. For e £ Af F , 
F(B e ) = B e . We say that e split (with respect to F) if all the irreducible components 
of B e are F-stable. By [29, Proposition 3.3] and [2, Section 3], each nilpotcnt orbit 
of g contains exactly one split G F -orbit. 

Let F' = FS = 5F : G — > G be a twisted Frobenius map. The action of F' on 
W is conjugation by wq. The following result is proved by Hotta and Springer for 
unitary groups in [14, Theorem 3.1], as a consequence of a specialization theorem, 
by Shoji for the other classical groups in [29, Theorem 4.18], and by Beynon and 
Spaltenstein for exceptional groups, in particular for Eq in [2, Theorem 4.1], as a 
consequence of the Lusztig-Shoji algorithm. 

Theorem 4.3. Let O be a nilpotent orbit of q. There exists a bijection a from the 
set of G F -orbits in O f to the set of G F -orbits in O f such that 

tr((F')* o w,H 2t (B e )) = (-iysgn(wo)tY(F* ow w,H 2l (B a{e) )). 

We assume furthermore that a(e) is split with respect to F. Let g £ G such that 
5(e) = Ad(<?)(e). Then e £ Fa , where Fo — Ad(<7 _1 ) o F is again a split Frobenius 
morphism. There exists h £ G such that Ad(h)(e) is split with respect to Fo, 
i.e. F)(Ad(/i)(e)) = Ad(/i)(e) and all the irreducible components of Bxd(h)(e) = 
Ad(h)B e are Fo-stable. In other words, h~ 1 Fo(h) € Zc(e) and all the irreducible 
components of B e arc Ad(/i _1 F (/i)) of = Ad(/i _1 ) o F o Ad(/i)-stable. Set 

gi = g(h- 1 F (h))-\ (4.4.1) 

and Fi = Ad(gi) -1 o F. Then 8(e) = Ad(gi)(e) and F\ is a split Frobenius 
morphism and e is split with respect to F±. 

By [2, section 5(C)], F* acts by q l on H 2l (B a{e) ) and F* acts by q 1 on H 2i (B e ). 
Thus 

tr((F')* o w , H 2l (B e )) = tv(F* o (Ad( 5 i)* o 5*) o W , H 2i (£ e )) 
= g J tr((Ad( 9 i)*o^)o Wj F 2i (S e )) 

and 

tr(F* o WoW , H 2l (B a[e) )) = q l tr( Wo ™, H 2l (B aie) )) 

= q i ti(w w,H 2l (B e )). 

By Theorem 4.3, 

tr((Ad( fl i)* ofJotii/iBe)) = (-l)*sgn(itfo) tr(w w,H 2i (B e )). (4.4.2) 
In particular, 

t r ((Ad( gi )* oS*)ow Q ,H 2l (B e )) = (-iysgn(w )dim(H 2 *(B e )). 

Since (Ad(gi)*o<5*) commutes with w by (4.3.2), (Ad(g 1 )*oS*ow a ) 2 = Ad(S(gi)gi)* 
acts on H 2l (B e ) via the image of S(gi)gi in A(e), and so Ad(<7i)* o S* o acts on 
H 2t (B e ) as an element of finite order. Hence it acts by the scalar (— l) J sgn(w;o)- 

So (Ad(gi)*o(5*oui ) 2 = Ad(8(g\)gi)* acts on H 2d "(B e ) as the identity. Therefore 
the image of <5(<?i)gi in A(e) lies in the kernel of <f> for all <j> £ A(e) Q . 
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4.5. We proved Theorem 4.1 over a finite field. In order to pass from (large) char- 
acteristic p to characteristic 0, first note that the representation of W on H 2l (B e ) 
is independent of the characteristic [32, section 3]. Now we choose g as in the proof 
of Proposition 3.5. Then the action of Ad(g)* o 5* is again independent of the char- 
acteristic. As explained in section 4.3, there exists z £ 4(e) such that for any i and 
</>, Ad(tjr)* oi5* o wo acts on H 2l (B e )^ as (— l) 4 sgn(uio)0(.z)- In fact, in characteristic 
p, z is the image of g^ g in A(e). The component group A(e) is independent of the 
choice of characteristic. In characteristic 0, set g\ = gz^ 1 £ Z G {e), for a represen- 
tative z\ £ Z G (e) of z. Then Ad(gi)* o S* o w acts on H 2l (B e ) as (-l)'sgn(w ), 
and the same argument as at the end of section 4.4 shows that the image of 5(g\)gi 
in 4(e) lies in the kernel of 4> for all <f> G A(e) Q . 

Remark 4.4. In the rest of the paper, unless otherwise stated, we regard H 2l (B e )^ 
as a W#-module via (4.3.3) with respect to the element g\. As we discussed in sec- 
tion 4.3, <7i is uniquely determined by (4.4.2) up to right multiplication by Zc{e)°. 

4.6. Suppose that 5 = 1. We set g\ = 1. 

When g is a classical Lie algebra sp(2n), so(2n + 1), or so(4n), Theorem 4.3 is 
proved in [29, Theorem 4.18] and therefore (4.4.2) holds. 

When q is exceptional of type G2, F4, Eq, E7, E%, we do not know an explicit 
reference for Theorem 4.3. However, the argument in [29, Theorem 4.18] (see 
also [2]) can be applied in these cases as well, as soon as we construct the correct 
matching a so that the analogues of [29, Proposition 1.12 and Lemma 4.20(H)] hold. 
This is done as follows. 

Let e£j\f F . For every (j> £ 4(e) , let hdeg(cr(e, <f>)) denote the lowest harmonic 
degree of a(e, 0), and set d = (-l)hdeg(<r(e^)) < 

Lemma 4.5 (compare with [29, Proposition 1.12]). There exists a conjugacy class 
Co of A(e) such that 4>{co) = d^di, for all </> £ 4(e). 

Proof. When g is a simple exceptional Lie algebra not of type E 6 , the component 
group 4(e) can be 1, Z/2Z, or S n with n = 3, 4, 5. The claim is obvious in the case 
1 or Z/2Z. In the S n cases, by inspection of the tables in [5, pages 429-432], we see 
that all <r(e, <p) have the same parity of the lowest harmonic degrees. Thus, we may 
choose co = 1 in these cases. □ 

Define the map a : G F \G-e -> G F \G-e, by Of (c) h-> Of (cc ). This makes sense 
because in the cases when 4(e) is not abelian, we chose cq = 1. By inspection of 
tables in [17, Chapter 22], we see that the analogue of [29, Lemma 4.20(H)] holds: 

\Z GF (e c )\(-q) = \Z GF (e CC0 )\(q). (4.6.1) 

An alternative argument, again case by case, is as follows. The graded W- 
representations H*(e)^ are explicitly computed in all the exceptional cases: for 
G2,F^ in [30], and for type E in [3]. One can check that if an irreducible W- 
representation fj, occurs in H 2l (B e )^ then (— l) hde s(M) = sgn(u;o)(— 1)'. See also [3, 
page 19, Remark (a)] The lowest harmonic degrees can be read from [5]. Since wq 
is central, it acts on every irreducible \i by (-l) hde sM, and (4.4.2) follows. 

5. The twisted elliptic form 



5.1. Let e £ {+1,-1}. Set 

R e (W) = R(W) c /vad{ , ) 
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For any e £ TV, let R e (W) e be the image of R(W) e in R e (W). By Corollary 2.2, 
R t (W) = (B e Re(W) e , where u runs over nilpotent conjugacy classes of G. 

Proposition 5.1. Let e G J\f be given. 

(1) Ri(W) e ^ if and only if u is quasidistinguished. 

(2) R-i(W) e ^ if and only if u is S- quasidistinguished, or equivalently, e G 

yv so1 . 

Proof. If Zc{e)° is not solvable, then ZQ(e) Fa contains as a subgroup the F g -points 
of a rank one semisimple group, and in particular, \Zc{e) Fc | (as a polynomial in q) 
is divisible by (q 2 - 1). Therefore, \Z G (e) F "\(e) = for e G {+1, -1}. By Corollary 
2.5, R^Wy = i?_i(W0 e = 0. 

Thus we may reduce to the case where e G J\f so] ■ The statements then follow by 
an analysis similar to the proof of Proposition 2.6. □ 

5.2. In the rest of this section, we focus on the (— l)-elliptic form ( , )w- ^ is by 
definition 

(X,x')w =(X®AV,Y} W , where A V = ® i>0 A 1 V. (5.2.1) 
We will relate it to the 5-twisted elliptic form, here 5 is the automorphism of (W, V) 
given by — wo- 

S(0 = -to (£), £ G V, = iooiotuo, u> G W. (5.2.2) 

The (5-twisted elliptic form is defined as follows. 

If (<r, X) is a VF-rcprcsentation, let (cr 5 ,X s ) be the 5-twisted representation, i.e., 

o~ s (w)x = a(8(w))x = a(wowwo)x, w G W, x G X A = X. 

We choose the intertwininer <ft : (a s 7 X s ) — > (cr 7 X) to be <f>(x) = a(wo)x. Clearly 
(f> 2 = 1. Define the 5-twisted character of a: 

tT S a {w)=ti{a(w)o ( j>- 1 ), 

and using the explicit form of 0, we find 

tr s a {w) = tr a (ww a ), w € W. (5.2.3) 

Definition 5.2. Let R 5 (W) denote the Z -span of 5-twisted characters tr£, for all 
irreducible VF-representations a. Define the 5-elliptic pairing in R S (W): 

(X,x') 5 w e " = E X(w)x'(w)det v (l-w6). (5.2.4) 
' ' wew 

Lemma 5.3. The map tr* — > tr CT induces a linear isometry between the spaces 
(R S (W)A, ) S w en ) and(R(W),{, ) w 1 ): 

(tr^tr^'HWr^^ 
Proof. This is a straightforward calculation: 

(tr*,tr*,)^ el1 = E tr^HtiiHdet y (l- w 5) 
' ' wew 

= jtttt E tr CT (totOo)tr CT /(totOo)dety(l + ww ) 

' ' weW 

= 77777 E tr <T(w)tr CT /(w)dety(l + to) = (tr CT , tr^)^ 1 . 
' ' wew 
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□ 

5.3. Set _ 

R\W) = i?(lF) c /rad< , )^ e ". 

Under the isometry in Lemma 5.3, R-±(W) may be identified with R (W). 

We give an more explicit description of R (W) using the <5-elliptic conjugacy 
classes. 

Definition 5.4. The J-twisted conjugacy class of w £ W is 

C w = {w'wSiw'y 1 : w' £ W}. 

A twisted class C is called ^-elliptic if C (~l Wj = 0, for all 5-stable proper parabolic 
subgroups Wj of W . An element to £ W is called 5-elliptic if it belongs to a 
(5-clliptic conjugacy class. 

The following lemma is well-known, see for example [13]. 

Lemma 5.5. The following are equivalent for an element w £ W : 

(1) w is 8 -elliptic; 

(2) det v {l -wS) ^0; 

(3) V wS = 0. 

5.4. For every 5-stable parabolic subgroup Wj of W, let 5-Ind^ : R s (Wj) — > 
R S (W) be the induction functor: 5-Ind^ (a) = C[W}8 

®c[Wj]s Denote 

rUw) = J2s-^wA rS (Wj)), 

where the sum is over all (S-stable proper parabolic subgroups Wj of W. 

The following proposition is a straightforward modification of [26, Proposition 
(2.2.2)], and we omit the proof. 

Proposition 5.6. We keep the notations as above. Then 

(1) rad( , ) s w ^ = RiJW) c . 

(2) The dimension of R (W) equals the number of 8 -elliptic conjugacy classes 
in W . 

Remark 5.7. In light of Proposition 5.6, we record the number of (^-elliptic conju- 
gacy classes in the irreducible Weyl groups (where 8 = —wq), see for example [26, 
section 3.1], [13, section 7] and [11, section 6]. 

(1) 2 A n -\: the number of partitions of n into odd parts (this is the same as 
the number of partitions of n into distinct parts); 

(2) B n : the number of partitions of n; 

(3) D2n- the number of partitions of 2n into an even number of parts; 

(4) 2 L>2n+i: the number of partitions of 2n + 1 into an odd number of parts; 

(5) G 2 : 3; F 4 : 9; 2 E 6 : 9; E 7 : 12; E s : 30. 

6. Extended Dirac operator 

6.1. We retain the notation from the previous sections. Fix a IF- invariant bilinear 
form ( , ) on V. Then W is a Weyl group in the Euclidean vector space V, ( , ) 
with scmisimple root system & C V*, positive roots $ + , and simple roots LI. Let r 
denote an indeterminate to be specialized later. Recall the automorphism 8, 8 2 = 1, 
of the root system given by — too. 



22 



DAN CIUBOTARU AND XUHUA HE 



Definition 6.1 (Lusztig,[19]). The graded affine Hecke algebra H with equal pa- 
rameters attached to ($, V, W) is the unique associative C[r]-algebra with identity 
generated by {£ G V<£} and {w G W} such that: 

(1) H = C[r] ® c C[W] ®c S(V£), as (C[r] <Z> C C[W], 5(y c *))-bimodulcs; 

(2) £ • s a - s a • s Q (0 = 2r£(a v ), a G U, £ G V^. 

The center of H is C[r] <g>c S(V£ ) w , hence the central characters are parameter- 
ized by W-orbits in C © Vc ■ 

Let * denote the conjugate linear anti-automorphism of H defined on generators 
via 

r* = r, w* = U-" 1 , £* = w ■ 6(£) -w , w G W, £ &V. (6.1.1) 
For every ^ g V, define 

e=^-n- (6.1-2) 

It is clear that £* = — £. Moreover, it is known that u> • £ • w' 1 = w(£). 

We consider the extended algebra H# = (H, 6) , and extend the ^-operation to 
H# by setting 5* = 6. 

6.2. We recall the classification of simple H-modules from [20, 21], in particular 
[21, section 1]. We denote by () and H G ,Q) ^ ne G'-equivariant homology and 
cohomology as in the references. 

If x G 0, denote Z GxC x (x) = {(g, A) G G x C x : A.d(g)x = X 2 g}. 

Let e G g be a nilpotent element, and (s,ro) a semisimple element in the Lie 
algebra of Z Gx ^-*{e). In particular, [s,e] = 2roe. Choose A C Z GxC x(a;) a torus 
containing cxp(s,r ). Let C s . To denote the one dimensional -ff^({pi})-module ob- 
tained by evaluation at (s,ro). (One may identify H\({pt\) with the space of 
polynomials C[o], where a is the Lie algebra of A.) From ([20, 10.12], [21, 1.13]) 

Z (e)° 

E e ,s,ro = = ( &s,ra®HX({pt})H* (&e) = <Cs,r ®H* z „ ({pt})H* (#e)j 

(6.2.1) 

where 23f is the variety of Borel subalgebras of g containing e and s. The space 
E e , s ,r carries an H-action such that r acts by ro- 

Let Z(e, s) = Z GxC x (e) fl (Z G (s) x C x ). Denote by A(e) and A(e, s) the group of 
components of Z Gx £x (e) and Z(e, s), respectively. The natural map A(e, s) — >• A{e) 
is an injection, so E ejSiTa carries an action of A(e, s) obtained by restriction from 

the natural action of A(e) on H*° xC * (e) (B e ). Set 

E e ,s,r ..il> =H0 m i(e,s)[^£e,s,r D ], (6.2.2) 

and A(e,s) = {ip : E e>s>ro ^ ^ 0}. By [20], ip G A(s,e) if and only if ip occurs in 
the action of A(s, e) on H*(B'l). 

Theorem 6.2 ([21, Theorem 1.15]). Let r ^ 0. 

(1) Let e, s be as above and ip G A(e, s) . The W-module E e ^ s ^ ro ^ has a unique 
maximal submodule. Let -E e ,s,r ,^ oe irreducible quotient. 

(2) The map (e, s, ip) — > £ , e ,s,ro,V' <?* ues a one-to-one correspondence between the 
of G-conjugacy classes of triples (e,s,ip) where e G Q is nilpotent, s G Q is 

semisimple with [s, e] = 2r$e, ip G A(s, e) , and the set of simple M-modules 
on which r acts by tq. 
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6.3. We recall next the classification and construction of irreducible tempered El- 
modules following [21]. Suppose that tq G R>o- 

Definition 6.3. Denote V*-+ = {£ G V* : £(a v ) > 0, for all a G 11} the set of 
dominant elements of V* . Notice that 5(V*- + ) = V* ,+ . An irreducible H-modulc 
X is called tempered if every S(V£) weight v G Vc of X satisfies 

£(!ftv) ^ 0, for all £ G V*' + . 

If all the inequalities are strict, then X is called a discrete series module. 

Theorem 6.4 ([21, Theorem 1.21]). Let e, s, ip be as in Theorem 6.2 and tq G R>o- 

(1) The simple module -E e ,s,ro,i/> * s tempered if and only if there exists a Lie 
triple {e, h, /} such that [s, h] = 0, [s, /] = — 2ro/, and ad(s — r^h) 

has no real eigenvalues. 

Moreover, in this case E ear0t j, = i? e , Sj r ,V>' 

(2) The module E esra ^(= E esrQ ^) is a discrete series module if and only if 
e is distinguished and s = r h. 

6.4. In light of Theorem 6.4, fix a Lie triple = {e, h, /}, and consider the module 

E e ,h.i,ip, with ip G A(e, h) . This is a simple tempered H-modulc (with real central 
character) on which r acts by r*o = 1. So wc assume from now on that ro = 1 and 
drop it from the notations. 

Assume that 5 ^ id. We extend the H-modulc structure on E e ,h,tp to a H#- 
module structure. The construction is similar to section 4. Assume, as we may, 
that h e t 6 . By [9, Lemma 3.7.3 and Remark 3.7.5 (ii)], A(e) = A(h,e). Then the 
natural map 

{g G G; 5(0) = Ad( 5 )(0)} -> {g G G; 5(e) = Ad(<?)(e)} 

induces a bijection on the connected components. Let g G G with 5(0) = Ad (g)(0) 
and that the image of g in {g G G; 5(e) = Ad(<?)(e)} is in the same connected 
component as the element g\ in section 4.4. Then Ad(g)* o5* : H*(Sg) -» H*(B'*). 
Since 5(/i) = h, Ad(g)* o 6* : E eJl — > E eJl . Similar to 4.3.1, wc have 

(Ad(g)* oS*) 2 = id. (6.4.1) 
We have the following commuting diagram 

((5.5*1 (id,Ad(o)*) 

H x E eJl ' J > H x B 4(e)>h 1 ' S H x £ e , h (6.4.2) 



Define the action of 5 G H # on E e>h by Ad(g)* o 5*. By (6.4.1) and (6.4.2), this 
gives an action of H# on E e ,h- The map Ad(g)* o S* : if*(£>' 1 ) — > _ff* (£>'') induces 

an action on A{e, h) , which we denote by 5. 

By [9, Lemma 3.7.3 and Remark 3.7.5 (ii)], A(e) = A(h,e). By [20, 10.13], there 
is an isomorphism of IF-modules: 



Ee,h,i/> = Xi(e, V»), 



(6.4.3) 
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where Xi(e, ip) = H*{B e y <£> sgn is the Springer VF-representation from section 2. 
Since the W-structure of the module does not change under the 5-twist, (6.4.3) 
implies that 5{ip) = ip. 

Hence for any ip £ A(e) , i? e ,/i,i/> is an H#-module such that (6.4.3) is an isomor- 
phism of W#-modules, where the 5-action on Xi(u, ip) is as in section 4. 



6.5. Define the Clifford algebra C(V) of (V, ( , )) to be the real associative algebra 
with identity generated by {£ £ V} subject to the relations 

t-e+e < = -2(te), e.e'ev. (6.5.1) 

The algebra C(V) is naturally Z^o-filtered, where the n-th space C n (V) in the 
filtration is the span of all elements of C(V) which are products of at most n 
elements of V. The associated graded algebra is AV. 

The Clifford algebra C(V) is also Z/2Z-graded C(V) = C(V) e ven + C(V) odd by 
the parity of the degree of homogeneous elements in the filtration just defined. Let 
e : C{V) — > C(V) be the involution which is +1 on C(V) even and —1 on C(V) odd . 

Let * : C(V) — > C(V) be the anti-automorphism defined by = for all £ £ V. 

Define the pin group 

Pin(V) = {g £ C(V) X \ g l = g' 1 and e(g) ■ £ • g- 1 £ V, for all £ £ V}. (6.5.2) 

This is a central double extension of 0(V) with the projection map p : C(V) — > 
0(V), p(g)(0 = e(g) ■ £ • g' 1 , g £ Pin(V), £ £ V. Since W C 0(V), one considers 

W =p- 1 (W) c Pin(y), (6.5.3) 

a central double extension of W. 

When dimV is even, C(V) is a central simple algebra, and therefore it has 
a unique complex simple module S of dimension 2 dlmV / 2 . When dimV^ is odd, 
Z(C(V)) is two dimensional and C(V) = C(V) even ® Z{C(V)). In this case, the 
unique simple module of C(y) even can be extended in two inequivalent ways to 
C(V), S + and S~ . In what follows, we will refer to any one of S, S + , S~ as a spin 
module of C(V). For convenience, we also set 

dim V even, 
' , dim V odd. 

One can restrict every spin module to Pin(V^) and furthermore to W. Since we 
assumed V w = (semisimple) , W generates C(V), and therefore every spin module 
is an irreducible W^-representation. 
We have 

S®S = a v /\V (6.5.5) 

as ^-representations (or O(V)-representations), where av = 1 if dimV is even, 
and ay = 2 if dim V is odd. 

The group W admits a Coxeter-like presentation. Denote by m{ot, ft) the order 
in W of s a sp. Then: 

W = {-l,s a ,a £ n | (-1) 2 = 1, (a a 8 P ) m ^ = -1). (6.5.6) 
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6.6. Let —1 be the automorphism of 0(V) induced by £ i— > — £ on V and recall 
W # = (W,S) = (W,-l) C 0(V). Define W # =p~ 1 {W # ) C Pm(V). 

We fix an orthonormal basis {£i, £2, ■ • ■ , £n} OI V permuted by 5, and set 

« = €i&...€nGPin(V0. (6.6.1) 

Lemma 6.5. The element z satisfies the following properties: 



(1) z 2 = (-l) 

(2) p(z) = -1 e O(V); 

(3) z£ = (-l)"" 1 ^, £ G V. 

Proof. Straightforward. □ 

Therefore, z is a central element in C(F) if dim 7 is odd, and z is a central 
element of C(V) ever , when dimF is even. When dimV is even, denote by S ± 
the two constituents in the restriction of spin module S to C(V) everl . With this 
notation, z acts by scalars on S ,± in both cases dim V odd or even. Since the trace 
of —1 6 O(V) on is zero, (6.5.5) implies that the trace of z in S + + S~ is zero 
as well. Therefore, the scalars by which z acts on S + , S~ differ by a sign, i.e., 

z| s+ =-z| s - =ceC. (6.6.2) 

(We have c 2 = (— i)"(«+ 1 )/ 2 j but we will not need to use this fact.) 
We will use the formula ([1, Lemma 3.4]) 

w ■ £ • tZT 1 = sgn(w)ui(£), iiei', (6.6.3) 

Fix once for all wo £ p~ 1 (wo) and set 

5 = wqz, so that p(<5) = 5. 

It is easy to check that 

S£ = (-l) n+e{wo) S(C)S, (67. (6.6.4) 

The group W# is generated by and z. It is also generated by W and <5. Set 

~ l= (WnC(V) even , dim!/ even, 
|W, dimF odd, 

and 

W > = UwnC(V) even ,z), dim^even, 
# \W#, dim 7 odd. 

The discussion above shows that 5 ± are ^^.-representations. 

6.7. Following [1, Definition 3.1], define the Dirac element 

n 

£> = ^6<g>&eH® C(F) Cl#8 C(y). (6.7.1) 

Let p : C[W#] — > H# ® C(V) be the linear map extending w >-> p(w) ® w, w &W 
and 8^ 5® 5. Notice that p(z) = w Q S ®zeffi® C(V). 

The algebra C(V) also has a ^-operation defined by the transpose map *. On 
Pin(V) this corresponds to the inversion operation. With respect to this opera- 
tion, the spin modules S,S^ admit positive definite invariant forms (i.e., they are 
unitary). 
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Define the Casimir element of H ([1, Definition 2.3]): 

n 

= Ee (6.7-2) 

i=i 

This is an element in S(V) W #, thus central in H#. The central characters of 
irreducible H#-modules are parameterized by W#-orbits in Vfc. By [1, Lemma 2.5], 
if (it, X) is an irreducible H#-module with central character W# ■ v, then 7r(f2) acts 
on X by the scalar (is, v). 

Let $ v C V be corresponding coroots and $ v '+ the positive coroots, $ v '~, the 
negative coroots. Define the Casimir element of W ([1, section 3.4]) 

*V = (-!) E \^\\^\s a s p eC[W'f , (6.7.3) 

a,/3G$+,s Q (0)e>I > ~ 

where (—1), s are as in (6.5.6). 

Proposition 6.6. The element T> has the following properties: 

(1) V* = V. 

(2) p{w)V = sgn{w)Vp(w), for all w G W; 

(3) p{z)V = (-lY^ +n sgn(w )Vp(z). 

(4) V 2 = -Q ® 1 + r 2 p(f^) ei® C(V). 

Proof. (1) Straightforward. 

(2) This is [1, Lemma 3.4]. 

(3) We have z = w^ 1 !. From (6.6.4), we see that p{S)V = (-lY^ +n Vp(S). 
The claim now follows from (2). 

(4) This is [1, Theorem 3.5]. 

□ 

Definition 6.7. If X is an H#-module, and S is a spin C(T^)-module (when dim 1/ 
is odd, there are two choices), left action by T> defines the Dirac operator (of X 
and S) 

D # : X <g> S -> X ® S. 
Define the extended Dirac cohomology of X (with respect to 5) 

H%{X) = ker( J D # )/(ker£» # ) n (im£> # ). (6.7.4) 

By Proposition 6. 6(2), (3), H^(X) is a W-^-representation. From Proposition 6.6(1), 
when X is a *-unitary EL^-module, HS(X) = kerD#. 

Definition 6.8. Suppose dim!/ is even. By restriction, D# defines two operators 

: X ® S± ->• X <g> S T . (6.7.5) 

Suppose dim V is odd. In this case, S + and S~ are realized on the same vector 
space U (coming from the unique simple module of C(V) even ). Then, as in [8, 
section 2.9], D# : X <£> S + — > X £3 S + can be composed with the vector space 
identity map S + -> S~ to yield : X <g> S + -> X ® S". Similarly, define ZH. 
In both cases, set 

ff^(X) = ker( J D±)/(ker£»±) n (imD|), and 7 # (X) = tf| + (X) - H$~ (X). 

(6.7.6) 
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We call I#(X) the extended Dirac index. By Proposition 6. 6(2), (3), (X) are 

W^-representations, and I#(X) is a virtual VK^-module. 
Notice that 

D±°Dl = -n®l + r 2 p{n w ), (6.7.7) 
by Proposition 6.6(4), since are given by the left action of V. 

Proposition 6.9. For every M#-module X, we have I#(X) = X ® (S + — S~) as 
virtual W^-modules. In particular, for w G W , 

tv(w, I#(X)) = ti(w, X) tr{w, S + - S-), 
~ ~ (6.7.8) 

tT(lVZ, I#(X)) = CtT(WWoS,X)tT(w,S), 

where S is as in (6.5.4), an d c * s ^ e scalar by which z acts in S + . 

Proof. The first claim is proved identically with [7, Lemma 4.1]. The second claim 
is immediate from the first since z acts by c in S + and by — c in S~ , and p{z) = 
wq5 <8> z. □ 

6.8. We are now in position to compute the extended Dirac index of the simple 
tempered H#-modules 2£ e ,/i,i/>- 

Theorem 6.10. Let E e ^4> be a simple tempered W# -module as above. 

(1) The S-twisted trace of -Ee.ftiA on ^ * s 9^ ven by: 

tv(ww S, E eM ) = (-l) de sgn(w )X_ 1 (e, V) W, for all weW. (6.8.1) 

(2) The extended Dirac index of E e ^4 is given by the formula: 

tr(ti,I#(E eM ))=tr(ti,X 1 (e,ip) <8 (S + - S~)), 
tr(wz, I#(E e .h,ip)) = c! tr(w, X_i(e, ip) <g> <S), 



(6.8.2) 



with w G W, z is as in (6.6.1), c' = (— l) d<! sgn(u;o)c ; where c is the scalar 
from Proposition 6.9. 

Proof. The above construction of the (5-action on E e h^ gives tr(w5, E e h t ^) = 
X 1 (u,ip)(wS). Then (1) follows from Corollary 4.2. 

For (2), Proposition 6.9 implies that tr(w, I#(E et h^)) = tr(w, E^^^f) tr(w>, S + — 
S~) and tr(u>z, I#(E e ^h } ip)) = ctr(wwo5, E e ^^) tr(u>, S). The formula now follows 
from part (1) and (6.4.3). 

□ 

6.9. The analogue of Vogan's conjecture from real reductive groups in the setting of 
the graded affinc Hecke algebra was stated and proved in [1] . We need the following 
algebraic form. 

Theorem 6.11 ([1, Theorem 4.2]). For every y G Z(H), there exist a unique 
element ((y) G Z(C[W]) and an element a G H <g) C(V) such that 

y®l = p(C(y))+Va + aV, (6.9.1) 

as elements o/H® C(V). Moreover, the map £ : Z(M) — > Z(C[W]) is an algebra 
homomorphism. 
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In fact, as one can see from the proof of [1, Theorem 4.2] (cf. [7, Theorem 
3.2]), the element a belongs to H <g> C(V)odd- It is also noticed in [7, Corollary 
3.3] that the image of the map ( lies in C[W] l/l/ . Following [7, Definition 4.5] 
(compare also with [1, Definition 4.3]), if a is an irreducible VF'-representation, one 
can attach canonically a homomorphism x° : Z(M) — > C (i.e., a central character 
of H-modules) by the requirement 

X*(y)=Z(t(v)), for all y € Z(W). 

Notice that if a is an irreducible VF-representation, the central character x ai is the 
same for all irreducible W^'-representations that appear in the restriction of a to 
W . Thus we can also denote x" f° r an irreducible W^-representation a. 

Let W ■ v„ denote the VF-orbit in Vc corresponding to x° ■ 

We following is a slight sharpenning of [1, Theorem 4.4]. 

Corollary 6.12. Let e G {+, — }. Suppose (tt,X) is an irreducible W^-module with 
central character W# • v and that a is an irreducible W' -representation such that 

Uom^,[a,H^(X)}^0, 

where (X) is as in Definition 6.8. Then W# ■ v = W# • v-g. 

Proof. We show how the claim follows from Theorem 6.11. This is analogous with 
the proof of [1, Theorem 4.4], but we need some minor modification because we are 
considering (rather than operators D). 

When dim V is odd, S t and S~ e are realized on the same vector space U e = U~ e . 
When dim^ is even, S e and S~ e are realized on the vector spaces U e and C/~ e , 
respectively. 

Let 7 denote Clifford multiplication by elements in C(V) on the spin module S e . 
When dim]/ is odd, 7 is a C(T^)-action on U e . When dim!/ is even, 7(C), where 
£ 6 C(V) odd take U e to U~ e . 

Let y G Z(H#) and x G X ® U e be an element in the VF'-isotypic component of cr 
mff|'(X). Then (ir(y) ® 7 (l))x = X u(y)x and (tt ® ^(pttivW = v(p(C(y))x = 
X a (y)x. Together with (6.9.1), it follows that: 

(xu(y) - x*(y))x = (vr ® 7)(y ® 1 - p(C(tf)))5 

= (tt ®^){Va + aV)x, 
= (tt ® 7) (Pax). 

By the discussion above a G H(g)C(y)odd, and so when dim V is even, ax G X®C/~ e . 
Therefore, regardless of the parity of dimV, the right hand side is in imZ?^ e , 
and it follows by the definition of Hg (X) that it must be zero. In conclusion, 
X» = X°- □ 

7. Spin Weyl group representations 

7.1. We denote by W gen the set of (isomorphism classes of) irreducible genuine 
representations of W, i.e., the irreducible representations of W which do not factor 

through W. Let R(W) gen be the subspacc of R(W) spanned by W gen . Denote 
Sg : R(W) -> R(W), Sg(a) = a ® sgn. 
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Let R(W) 5s denote the (+1) -eigenspace of Sg. Notice that S (g> sgn = S. Define the 
linear map 

l:R(W) -+R(W) S g f„, l{<t) = <j®S. (7.1.1) 

Proposition 7.1. The map l induces an injective linear map l : R-i(W) — > 
such that for a, a' G R(W), 

(l(o-),l(o-')) w = a v {a,a')^. 

Moreover, t(X_i(e, </>)) ^ if and only if e £ A/" so1 and 

Wt.,M)),*t.,(^»„ = hWAr (7 . L2) 

I U, otherwise. 

Proof. Since S* = S, the first claim is immediate from (6.5.5) and the definition of 
( , )7y . The second claim follows from Proposition 5.1(2). 

By Theorem 2.7 in the case q = — 1, the map cf> — > X(e 1 (j)) induces an iso- 
metric isomorphism 7?_i(A(e))o —> i?i 1 (W). Composing with t, this implies that 
i(X-i(e, <j>)) € R(W) gen , e G TV 50 ', is nonzero and that (7.1.2) holds. □ 

We relate these facts with the extended Dirac index from section 6. 

Lemma 7.2. W(.ij. e n C kcrsgn. 

Proof. Suppose w G W is such that dety(l + w) 0. This means that w acting 
on V does not have the eigenvalue —1. Since V is a real representation, the only 
real eigenvalue of w is 1 and the complex eigenvalues come in pairs. Thus sgn(u>) = 
dety(w) = 1. □ 

Proposition 7.3. Let £ e ,fc,<?i be a simple tempered W#-module as in section 6.4- 
The extended Dirac index I#(E e- h,<i>) ^ if and only if e € J\f so *. 

Proof. In one direction, suppose e 6 W so1 . By Proposition 7.1, i(X-i(e, (/))) ^ 0. 
By (6.5.5), S is supported on W(-x)-eii and Lemma 7.2 implies that the support of 
i(X -\(e, </>)) is in W 1 . Therefore, (6.8.2) says that the restriction of I^{E e ^.<j,) to 
W z is nonzero. 

For the converse, suppose that I#(E e) h,</>) 0- Again by (6.8.2), there are two 
cases. If there exists w G W' such that tr(ui, I#(E e ^^)) =fi 0, then ti(w, X\{e, 4>) ® 
(S + — S~)) 7^ 0. By [8, Proposition 3.1], which is the analogue of Proposition 7.1 
above, it follows that 

(X 1 (e,<f>),X 1 (e,<f>)) 1 A{u) ^0. 

Then Proposition 5.1(1) implies that e is quasidistinguished and so e 6 W 50 '. 

If, on the other case, tr{wz, I^E^h,^)) ^ 0, then tr(w, i{X_\{e, (j))) ^ 0, and by 
Proposition 7.1, e G A/" so1 . □ 

7.2. For e G W so1 and 4> G A(e) , let [(f)] be the image of cf> in ~R-i (A(e))o- Denote 
m e ^-\{a) = (a,L(X-i(e,(f>))}^, for every a G W gen , and set 

lrr e ,M W = {a G W gen : m e>w {a) ^ 0}, lrr e W = U lrr ej[0] W. (7.2.1) 

It is clear that lrr e r^iW^ is closed under tensoring with sgn, in fact m e ui(<7) = 
™>e,[4>} (5® sgn). 

Proposition 7.3 and Corollary 6.12 yield the following remarkable fact. 
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Corollary 7.4. Let {e, h, /} be a Lie triple in q, h £ V s , such that e € TV 50 ', and 
a £ \xXgW . Then W ■ vg — W ■ h, where v& is the central character o/H defined by 
a in section 6.9. 

In particular, a(fl^) = (h, h), where is as in (6.7.3). 

Proof. Let a 6 \rr e W. There exists (ft £ A(e) Q such that Horary [a, i(X-±(e, 4>))} ^ 
0. Let cti be an irreducible M^'-representation such that Hom^, [cti , a] ^ and 
{3? ljt (X_i(e,0)))^ /9 4O. _ 

Write I#(E e .h,ct>) = Y^/j^^^i for irreducible distinct W^-representations, 
and a J 6 Z*. Suppose further that cr^ = as ^'-representations, where 

are irreducible VF'-represcntations. Since z commutes with W' , it acts by a nonzero 
scalar ul (in fact, a fourth root of 1) on <r*-. Thus 

i i 

On the other hand, by Proposition 7.3, the left hand side equals (up to a nonzero 
scalar) tr(w, i(X_i{e, (ft)), and so tr(u;,<7i) appears in the linear combination. By 
the linear independence of irreducible W-characters, it follows that there exist i, j 
such that <r| =a\. In other words, there exists j such that cr^ contains g\. 

Since <r^ occurs in I#(E e ^h.<p), it must occur in one of the spaces (E ej h.4>) 
for a choice of sign ±. This implies that Hom^, [cti , (E ei h,(f>)] ^ 0. Corollary 
6.12 says that W# ■ h = W# ■ = W# ■ v„. 

Since h is (5-stable, the first claim of the corollary is proved. For the second 
claim, it is sufficient to notice that by definition (y^, v-g) = a(Clyy). □ 

7.3. We state the main results of this section. 
Theorem 7.5. W gen = U eeG \jVsoilrr e W . 

Proof. Let a be an irreducible genuine VF-representation. Then a ® S is a W- 
representation. Since {X_i(e, (ft) : e £ G\Af,<f> £ ^4(e) } is a basis of R(W), there 
exists (e, (ft) such that (a®S, X-\(e, (ft))w ^ 0, or equivalently {a, t(Jf_i(e, (ft)))^ ^ 
0. In particular, t(X_i(e, (ft)) ^ 0, thus by Proposition 7.1, e € TV 50 '. The disjoint- 
ness follows from Corollary 7.4. □ 

Theorem 7.6. Let e £ Af scl and (ft £ A(e) be given. 

(1) For every a £ \rr e .i<p]W, m e ^{a) = (cr(e, (ft) ®S,u)^, and in particular, 
L(X-i(e,4>)) = X-i(e,tft) (£> S is the character of a genuine representation 
ofW. _ 

(2) // {(ft, 4>)~&r e \ = 1, in particular, when e is distinguished, then \rr e ^W = 

{cr(e, {(ft])}, where a(e, {(ft]) is irreducible sgn self dual if dim V is even, and 

' rr e,[01 1 ^ = {&( e i [4']) + j ^( e i I^]) - }; where a(e, [(ft]) 1 * 1 are irreducible sgn dual 
representations when dim V is odd. 

(3) // {4>T4>')~A{ e ) = 0) 'P 7^ 0'; * n Particular, when e is distinguished, then 
\rr em W n\n eW] W = 0. 

Proof. Since the matrix of Green polynomials K (q) is upper triangular with 1 on the 
diagonal, K{q)~ 1 is again upper triangular with 1 on the diagonal and polynomials 
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in q above the diagonal. It is well-known that the VF-types in X q (e, </>), other than 
cr(e, 4>) are all of the form cr(e', 0') with e' > e. Thus, in R q (W), we have: 

X q (e, <f>) = a(e, </>) - ^ K (q)^^, i<pi) X q (e' , </>')• (7.3.1) 

e' >e 

Apply this identity when q = — 1 and tensor with S: 

L{X. l {e,4>)) = a{e,4>)®S- ]T (-l)^ ) (e , ^(X^e^')), (7.3.2) 

e<e',e / eA fso1 

an identity in R(W) gen . Suppose that a occurs in the LHS. By Corollary 7.4, W-v$ — 
W ■ h, where h is a neutral element for a Lie triple of e. In particular, a cannot 
occur in any b(X-i(e' , </>')) with G ■ e' ^ G ■ e, since h determines G ■ e. Thus a can 
only occur in er(e, 0) (£> S. This proves (1). 

For (2), suppose (0, fy^M = 1- (The fact that this is always the case when u is 
distinguished is immediate.) By Proposition 7.1, (t(X_i(e, <f>)), i{X-\{e, </>)))^ = 
ay. Since (e, 0)) is also sgn-dual, the only possibility when dimV is even is 

the one stated in (3). 

If dimV is odd, then t(X_i(e, <f>)) = ct(u, [<fi]) + + a(u, [<fi])~ ■ It remains to verify 
that cr(u, [</>])" = <x(w, [</>]) + (E> sgn. Suppose this is not the case, so that a(u, [(f)]^ 
are sgn self-dual. By (7.3.2), they occur in er(e,0) <£) 5 with multiplicity 1. But 
5 = S + + S" and since S + = S~ <E) sgn, this is impossible. 

Claim (3) follows similarly from Proposition 7.1. 

□ 



7.4. As mentioned in the introduction, Theorem 7.6 can be used to obtain character 
formulas for X-\(e,<p) and H*(B e )^. Recall the notation from the introduction 

E(e, 4>) = tpr-i(e, 0)) = X_i(e, 0) <8> S. 
For every uj G W(_i)_ e n, we have then 

tr( W ,X_ l( e,0)) = ^-l^tr^S*^)*) = ^g^ , (7.4.1) 

where w is a representative of the prcimagc of w in If. and d e = dim£> e . In 
particular, when w = 1, we find 

VM)Mimi/ 2 '(S e )^ = (-i^ ^M) . (7.4.2) 
^— ' dim 6 

i=0 

Using Corollary 4.2, (7.4.1) can also be interpreted as a character formula of 
H*(B e )^ on 5-twisted elliptic conjugacy classes. 

Corollary 7.7. Let w be a 5-elliptic element of W . Then 

, i r \(b\ i -i \ d e i ,tr(ww ,E(e») 

ti(wS,H (Be)?) = (-l) a 'sgn(w Q ) — — — — , 

tl(WWQ, O) 

where wwq is a representative of the preimage of wwq in W. 
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The calculations in Appendix A allow us to describe E(e, <fi) explicitly and by 
comparison to [6], to identify E(e, <f>) in terms of the known classifications of irre- 
ducible ^-representations. Therefore, Corollary 7.7 can be effectively used as a 
character formula for H*(B e )^ on (^-elliptic classes. 

Example 7.8. In GL(n), the class of the element e G A/" 50 ' is parameterized, via 
the Jordan canonical form, by a partition A of n into distinct parts, and A{e) = {I}. 
A partition A of n is called even if £(X) = n (mod 2), otherwise it is called odd, 
where £(X) is the number of parts of A. Then 



E(it A ) = a\ 



<j\, A even, 

°X + 5 A ' A odd ' 



where a\ is as in Proposition A. 3, and a\, are the irreducible S'n-representations 
constructed by Schur (cf. [34]). The dimension of a\, or of each of err, A = 
(Ai, . . . , is given by the formula 

I n-/(A) I \ \ 7l! TT Aj — A.,- 

2L^V, where 

i<j ■> 

Since dim S — 2L§J , (7.4.2) becomes in this case: 



][>l)MimiJ 2i (£ e J = (-l) d - g\ 

i=0 

7.5. We end with an application to the decomposition of tensor products a ® S, 
(JEW. 

Let a be an irreducible W-representation. By Springer's correspondence, write 
a = (i(e, </>) for e £ A/", 4> € A(e) . Since every a occurs in a E(e', 4>') = t(A_i(e', (/)')), 
with e' G A' 50 ', we consider: 

(<7(e,0)(8 5,t(Jr_i(e , ,0 , ))>w- t 7 - 5 - 1 ) 

By (7.3.2), 

a( e ,0)®5= ]T ^(-l)^), (e »^) i(X-i(e",0")), (7.5.2) 

with 1)7 ^ ( e 0//) = 1 if </>" = </>, and if </>" ^ <j>. Using Proposition 7.1, we 
find 

(o{e,$)®S,L{X_ 1 {e',ct>>))) w =av ]T K(-l)^ {e , ^ <</>',ffi( e) . (7.5.3) 

0"eA(7) o 

In particular, this is zero unless e' e. 

Corollary 7.9. Let e E M and <j> E A(e) Q . If (a(e, 4>)<S>S, a)^ ^ 0, then a 6 lrr e /W 
/or some e' £ A/" so1 suc/i i/iai e' e. 
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Appendix A. Component groups and spin representations 

In this appendix, we use a case by case analysis to determine the structure of 
the spaces R-±(A(e)), the image of the map i, and the explicit decompositions of 
representations t(X_i(e, </>)). These calculations can also be used to relate our real- 
ization of irreducible ^-representations with the known case by case classifications 
in [23, 25, 34], and also [6]. 

Remark A.l. The dimension of J2(W^)|| n equals \{a G W gen : a = a ® sgn}| + 

G M^gen : o ^ a ® sgn}|. In particular, the classification of irreducible W- 
representations [23, 25, 34] gives the following dimensions for i£(W)|f n : 

(1) A n -\\ the number of partitions of n into distinct parts; 

(2) B n : the number of partitions of n; 

(3) D m n odd: \\{\ h n : A ^ A*}| + |{A h n : A = A*|; 

(4) D n , n even: ±|{A h n : A ^ A*}| + 2|{A hn:A = A'|; 

(5) G 2 : 3; F 4 : 9; E 6 : 9; £ 7 : 13; £ 8 : 30. 

Comparing with the dimensions in Remark 5.7, we conclude that the map 1 : 
R-i(W) — > i?(W r )|| n from Proposition 7.1 is an isomorphism for all irreducible W, 
except when W = Di n or E7. 

A.l. We first investigate type A. 

Lemma A. 2. Suppose G = PGL(n) and e\ G W so1 is a nilpotent element given in 
the Jordan form by the partition X of n with distinct parts. Then A(e\) = {1} and 

(triv^riv)-, 1 . =2^" 1 . 

\ ' 1 A(e x ) 

Proof. Straightforward. □ 
Proposition A. 3. For every distinct partition A of n, define 

tx = — X-i{e x ) ®5, 
a\ 

1(A) I I _ 

where a\ = 2 2 ( frof/i rt and A are even, and a\ = 2 L 2 J ; otherwise. Then t\ 
is irreducible sgn sei/ duaZ, i/ A is an even partition, while t\ = + i/ A is an 
odd partition, with irreducible sgn dual to each other. 

Proof. The number of irreducible genuine S^-rcprcsentations equals the number of 
conjugacy classes of S n that split when pulled back to S n . A well-known result 
(going back to Schur, see [34, Theorem 2.1]) says that this number equals the 
number of partitions of n into odd parts plus the number of odd partitions of n 
into distinct parts. Denote DP(n) the set of distinct partitions of n and for every 
A G DP(n), set b\ equal to 1 or 2 if A is even or odd, respectively. Thus 

l30genl= £ ^ (A.l.l) 
AeDP(n) 

By Proposition 7.1 and Lemma A. 2, we see that for A G DP(n), 

if A is even, 



( t (X_ 1 (e A )), i (A'_ 1 (e A ))), 



A> 

2a 2 x , if A is odd. 
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This means that i{X-\{e\)) contains at least two distinct irreducible 5 n -representations 
when A E DP(n) is odd. Since for A ^ A', t,(X-x(e\)) and i(X-i(e\<)) are orthog- 
onal, the claim in the Proposition follows by comparison with (A.l.l). □ 

A. 2. Next, we prove a criterion which will cover most of the remaining cases when 
G is not type A and e <E A/" so1 , but e is not distinguished. 

Lemma A.4. Suppose e E Af s ° l is such that A(e) = (Z/2Z) k x (Z/2Z)', k ^ 0, 
acts on the k- dimensional space Vz by the representation reflfc Mtr'wi, where reflfc 
is the reflection representation of (Z/2Z) k and triv; is the trivial representation of 
(Z/2Z)'. Then dimR- 1 (A(e)) = 2 l and 

(<M>A(e) = !| f° r M $ e A ( e )- 

Moreover, if [4>i] ^ [fa] in R—i(A(e)), then 

Proof. Let sgnW denote the one dimensional (Z/2Z) ^representation, with sgn on 
the i-th position and triv everywhere else. Then Vz = ©f =1 sgn^) as an (Z/2Z) k - 
representation. Thus dety z (l + x) ^ if and only if w°i(z/2Z) kX = 1; hence the 
(— l)-elliptic element in A(e) are the subgroup (Z/2Z)'. It follows that dim i?_i(A(e)) = 
2 l . 

For the second claim, notice that since <j> (g> <j> = triv, we have (0, <fi)~A(e) = 

(triv, triv)^^. It is straightforward that (triv, triv) = (triv, AVz)A(e) = 1- 

For the last claim, let [</>i] ^ [cj) 2 ] in i?_i(A(e)). We can choose = trivft <g> <?!>■, 
i = 1,2, where triv^ is the trivial (Z/2Z) fe -representation, and ^ 4>' 2 are one 
dimensional representations of (Z/2Z) 1 . Since <$>\ ® </> 2 7^ triv, it does not occur in 

AV Z ,SO ([<j>l],[<t>2}) A je)=°- 

□ 

Lemma A. 5. Let G be simple and adjoint and e E A/" 50 ', but not distinguished. 
Then A(e) is as in Lemma A. 4, except when: 

(1) G is of type D n , n even, and e — e\ corresponds via the Jordan form to a 
partition A = (ffli, ai, ffl2j 02, ■ • ■ ,cik,a<k) of 2n where at are distinct odd pos- 
itive integers. Ln this case, A(e,\) = (Z/2Z) k ~ 1 acts on the k-dimensional 
space Vz by twice the reflection representation. Then R-i(A(e\)) is one 
dimensional, and (triv, triv) = 2. 

(2) G is of type D n , n odd, and e = e\ corresponds via the Jordan form to a 
partition A = (01, 01, a 2 , a 2 , ... , dfc, flfe) of 2n where ai are distinct odd pos- 
itive integers. In this case, A{e\) = (Z/2Z) k ~ 1 acts on the k-dimensional 
space Vz — V% ®V Z , with dim V^ e ^ — 1, by the reflection representation 
on V' z . Then R-\(A{e\)) is one dimensional, and (triv, triv)^/ % = 2. 

(3) G is of type £7 and e is of type A±+ A\ . The component group A(e) = Z/2Z 
acts on the two dimensional space Vz by twice the sgn representation. Then 
_R_i(A(e) is one dimensional, but (triv, triv)^^ = 2. 

(4) G is of type Eq and e is of type D±(ai). The component group A(e) = S3 
acts on the two dimensional space Vz by the reflection representation. Then 
R-i(A(e)) is two dimensional, spanned by [triv] and [refl], and 

(triv, triv)" 1 = 1, (refl, refl)^ 1 = 3, (triv, refl)^ 1 = 1. (A.2.1) 
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Proof. The proof is a direct calculation based on the classification of nilpotent orbits 
and their component groups. □ 

A. 3. Suppose W is of type B n and G = Sp(2n). The nilpotent orbits e G A/" s °' are 
in one to one correspondence with partitions fi of 2n such that \i has only even 
parts and the multiplicity of each part is at most 2. The distinguished nilpotent 
e M correspond to fi a partition with even distinct parts. Denote by DP(2n) eV en 
the set of distinct partitions with even parts of 2n, and by qDP(2n,) eve n the set of 
partitions with even parts of 2n where every part has multiplicity at most 2 and 
there is one part with multiplicity 2. By Remark A.l, the number of irreducible W- 
representations, up to tensoring with sgn, equals |P(n)|, the number of partitions 

of n. 

For every n £ DP(2?i) even U qDP(2n) even and <j) e ^4(e M ) , set 

f(e M , 4>) = A_i(e M , 0) <g> S. 

Then, Lemma A. 4 yields: 

Proposition A. 6. (1) If n is even, r(e M ,0) is an irreducible sgn self dual W- 
representation. 

(2) Ifn is odd, r(e^,0) = r(e M , (f>) + +r(e A1 , , where r(e M , </>) ± are irreducible 
W -representations sgn dual to each other. 

A. 4. If W (and G) is exceptional of type G2, F4, or E$ for every e e N, cither 
Theorem 7. 6(2), (3) or Lemma A. 4 applies. Since dim!/ is even, ay = 1, and 
r(e, 4>) = i(A_i(e, (j>)) is an irreducible sgn self dual ly-rcprcsentation. 

A. 5. Let W be of type Eq. There are seven orbits in A/" 50 ', three of which are 
distinguished. From Lemma A. 5, it follows that when u is of type 1)4(01), then 
A(e) = S3 and 

f(D 4 (ai),triv) := A_i(D 4 (ai),triv) ® 5 (A.5.1) 
is an irreducible sgn self dual representation of W{Eq), while 
r(D 4 (ai), refl) : = Jf_i(Z> 4 (oi), refl) ® S 

= 5(L» 4 (ai),triv) + a(D A (a 1 ), refl) + + a(Di(ai), refl) 



(A.5.2) 



where tr(7D 4 (ai), refl^ are irreducible sgn dual W^E^-representations. A basis of 
i?_i(A(e)) consisting of orthogonal elements is {[triv], [refl] — [triv]}. 

A. 6. For type E 7 , the interesting case is the nilpotent element e of type A4 + A\. 
Then A(e) = Z/2Z, and Vz is two dimensional. By Lemma A. 5, (t(X_i(A 4 + 
A 4 ,triv)), t(X_i(A 4 + A 4 ,triv)))^ = 4 (since dimV is odd). Using 7.6(2), (3) and 
Lemma A. 4, the classes in J\f s ° l \ {A 4 + Ax} account for 11 distinct irreducible W- 
representations (modulo ®sgn). This implies that l(X_ 1 (A 4 + ^4 l5 triv)) is either 
two copies of a sgn self-dual irreducible representation or a sum of two pairs of 
sgn dual irreducible representations. The latter is in fact the correct one, and this 
can be seen either by invoking the fact that W(E 7 ) does not have sgn self-dual 
irreducible representations [23] , or by refining the argument used to prove Theorem 
7.6(2) as follows. If t(A_i(A 4 + Ai,triv)) = 2a, where a is sgn self dual, then the 
only possibility is that tr(A 4 + A 4 ,triv) eg) S each contain a with multiplicity 1; 
moreover, there are no other ^-representations a' such that W ■ v„< = W ■ us — 
W ■ hA 4 +A 1 - By Theorem 6.12, only a can occur in the Dirac cohomology spaces, 
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and in particular, Xi(Ai + Ai, triv) <E> (S + — S ) = a — a = (see [8, 7] for details 
about the Dirac index). Since (5+ - S~) ® (5+ - S~)* = 2 A" 1 V, it follows 
that (X±(A4 + Ai,tr\v),Xi(A4 + Ai,triv))jy = 0. But this is a contradiction with 
Proposition 5.1(1), since A± + A± is quasidistinguished in E-j. 

A. 7. Suppose W is of type D n and G = PSO{2n). 

When n is odd, all representatives of pairs (e,(f>), e G A/" 50 ' arc as in Theorem 
7. 6 (2), (3) or as in Lemma A. 4, except when e = e M corresponds to the partition 
fi = (01, 01, 02, ci2) • • • j o,kj Q>k) of 2n, where fc is odd, a% arc all distinct and odd, see 
Lemma A. 5. In this case, since dim V is odd, we have 

(t(X_i(e M! triv)), t(Z_i (e M , triv)))^ = 4. 

One may resolve the ambiguity in the same way as for A4 + A\ in Ej and find that 
i(A_i(e M , triv)) = 2a(e^, [triv]), for some irreducible, sgn self dual VP-representation 
^(e^, [triv]). (In this case, is not quasidistinguished.) 

When n is even, all representatives of pairs (e,<p), e G A/" 50 ' arc as in Theorem 
7. 6(2), (3) or as in Lemma A. 4, except when e = e M corresponds to the partition 
/i = (ai, ai, <Z2, CL2, ■ ■ ■ , ttfe, dfe) of 2n, where fc is even, aj are all distinct and odd, see 
Lemma A. 5. In this case, since dimV is even, we have 

(z,(X_i(e M ,triv)),i(X_i(e Jli ,triv)))^ = 2, 

so t(X_i(e^,triv) = crie^, [triv])i + ^(e^, [triv])2- One can prove that o^e^, [triv]) 12 
are sgn self-dual 1 by invoking an argument similar to that for A4 +Ai in Ej 1 using 
the Dirac index in the even case ([8, 7]) and the fact that is quasidistinguished 
in D„, n even. 

Remark A. 7. The nilpotent element u = A± + A\ in E-j can be realized as a 
regular nilpotent element in Za(t) = As + A3 + A\, see the proof of Proposition 
3.3. Similarly, the nilpotent element in D n with \i = [a\, 01, 02, 0,2, ■ ■ ■ , a-k, a-k), 
ai distinct and odd, can be realized as the pair (e\,e\), X = (ai, 0,2, ■ ■ ■ , afe), in 
ZG(t) = D n /2 x D n /2, when n is even, respectively Zo{tS) = iJri+i x Bri+i when n 
is odd. Thus the automorphism 9 coming from the symmetry of the affine Dynkin 
diagram interchanges the two factors of e\ and the exceptions appear to be related 
to this phenomenon. 

Appendix B. Relation with Kostka systems 

We explain a relation between our approach and the results of Kato [16] about 
Kostka systems in the category of A^-modules, where Ay/ = C[W] k S(Vc)- The 
relevant homological properties of the category of Avi/-modules are presented in 
[16, section 2]. 

B. l. Retain the notation from the previous section. Thus W is a finite Weyl group 
acting on the real reflection representation V. Define 

A w = <C[W] x S(V C ); (B.l.l) 

in the language of section 6, this is the same as the graded affine Hccke algebra 
with zero parameters. 



Erratum: In [6, Theorem 3.8.1(2)], it is incorrectly stated that ((7)1,2 are sgn dual to each 
other. 



GREEN POLYNOMIALS 



37 



Let X, Y be A^-modules. Then one may define a structure of 74iy-modules on 
X ®c y and Homc[X, V] as follows: 

(1) X® C Y 

w ■ (x ® y) = w ■ x ® w ■ v, to € W, 

(B 1 2) 

Z-(x®y) = £-x®y + x®£-y, £ G Vfc; 

(2) Hom c [X,Y] 

(to • <#)(x) = to • 6(w~ 1 x), w <E W, 

(e-^)(a;) = e.0(x)-^-s) > ^e^c, 

for all G Hom c [X, Y]. 

Lemma B.l. (1) Definitions (B.1.2) and (B.1.3) extend to actions of Aw 

(2) If C is </ie trivial Aw -module (w acts by 1 and ^ acts by 0), then X®c<C = 
X, as A vi/ -modules. 

(3) Horned, Y] =X*® C Y. 

Proof. Straightforward. □ 

B.2. Since A w ® w M ^ S(V) ® c M, for every W-module M, the usual Koszul 
complex of vector spaces admits an interpretation as a projective resolution of the 
trivial ^4vF _mo dule. More precisely, let 

e : A w ® c C -> C, e(a (8 A) = a • A, (B.2.1) 

i.e., the Avy-action in the trivial module, and 

d n -i : A w ® w A n V -)• A w ® w A n ~ 1 V, 

71 fB 2 21 

a ® (6 A • • • A £„) H> ^(-l) £+1 a& ® (£i A ■ • ■ A & A • • • A £„). 
e.=i 

It is easy to check that d n -i is a well-defined j4w- m odule homomorphism. There- 
fore 

Q^C^ A W ® W C^- A W ® W V ^- A w ® w /\ 2 V ^ ... (B.2.3) 

is a projective resolution of the trivial module in the category of A^-modules. Since 
tensor products exist in this category, one may tensor this complex by — ®c X to 
obtain a projective resolution for every finite dimensional Ajy-module X: 

<- X A A w ® w X A A w ® w V ® X A A w ® w A 2 V (B.2.4) 

where we used the isomorphism C ®c X = X, and therefore the morphism e : 
Aw ®w X — > X becomes the action of Aw on X. 

B.3. We regard Aw as a graded algebra by assigning to w degree and £ 6 Vfc 
degree 1. This differs from the convention in [16], where the elements of Vc have 
degree 2, but it will be consistent with the results in section 2. We consider the 
category of graded Ay^-modulcs: A^-gmod. If X is a Z-graded vector space, 
X = (BjX(j), let 

gdimX = q* dimX(j) 

j 

denote the graded dimension of X. 
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Definition B.2 ([16]). If X,Y arc finite dimensional graded Ajy-iriodules, define 
the graded Euler-Poincare pairing 

( X > Y ) g Z : = E(- 1 ) i g dimExt Aw( X ' y ) e Z M- (B.3.1) 

It is clear that the maps d n in the Koszul complex are graded maps of degree 0, 
and this makes (B.2. 3) and (B.2. 4) graded complexes. 
Define the graded VF-character of X 6 Av^-gmod: 

gch^X = ^2 ^ g J dimHonnvto", X(j)}. 

Proposition B.3. If X,Y are finite dimensional graded Aw -modules, then 
(X,Y)fl = (gch w X,gcb w Y)' w . 

Proof. The proof is a simple application of the (graded) Euler-Poincare principle 
using the resolution (B.2. 4) and it is an immediate analogue of the proof for the 
group algebra of the affine Wcyl in the non-graded setting [24, Theorem 3.2]: 

(X,Y)f* = E(-l) J gdimExt^,(X,r) = ^-l^gdimff^Honu^Aw ® w A*V®X,Y)) 
= ^( — l) J gdim HoniA,,, (Aw ®w A l V <E> X,Y), by Euler-Poincare principle 
= Y^(— l)'gdim Homw(gch w (X g) A l V), gch^F), by Frobcnius reciprocity 
= (X, Y) q w , since gch w A 1 V = q l A 1 V. 

□ 

Example B.4. In [15], the Springer VK-action on H*(B e )^ is upgraded to an action 
of the affine Weyl group. As a consequence, one can define a graded ^vv-mc-dule 
structure X q (e,<j>) on H*(B e )' 1 ' [16], such that gcb w X q (e, (j)) = X q (e,4>). These are 
particular examples of Kostka systems [16, Definition A]. Thus: 

(^( e »,^(e',0')}f' - {gch w X q {e^),gch w X q {e'A')) w . 
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